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Identities for g-Whittaker polynomials
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Matteo Mucciconi — based on a joint work with Takashi Imamura and Tomohiro Sasamoto
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[Haglund-Haiman-Loher], Vertex models [Cantini-De Gier-Wheeler, Borodin-Wheeler,
Garbali-Wheeler,...], alcove walks [Ram-Yip],...

Can one prove the Cauchy Identity bijectively?
s g =1 YES : Cauchy Identity for Schur polynomials
c =20 YES : [Imamura-M-Sasamoto’21]

o g,1# 0 277



Plan

* We review the RSK correspondence and prove the CI for Schur
polynomials

* We highlight major features and symmetries (Greene invariants, crystals,
...) of the RSK

* Then, we generalize these features to prove the Cauchy Identity for g-
Whittaker polynomials

* From the bijective proof we deduce many more identities (Littlewood
identities, correspondence skew Schur/g-Whittaker)
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* We can define the RSK : M « (P, Q) imposing:
1. RSK commutes with the bi-crystal structure

2. RSK sends highest weight matrices to highest weight tableaux
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: Eég),E(lg), L E® for i=1,....n—1, e=1,2 definean /é\Inbi—crystal

n—1°

;K/

structure on the set of pairs (P, Q) of skew semi-standard tableaux (or equivalently

on matrices (M l.k j) )

 This makes the projection (P, Q) — (V, W) a morphism of 3l . bi-crystals



Affine crystal graph VST(u)

The crystal graph VST(u) is connected
| Kashiwara’ 90|

Demazure subgraph: remove
bad” e, f, arrows

(\)
—
—t
p—t

[

[\

o

\V)

—

—

—_

[

For any V there exist a path on the Demazure
subgraph &£y, : V= YAM(u)

~J

H (V) = #f, — #2, in L,
|Schilling-Tingley’'12]

0

\V)

[\

[

[\

[

(Y

\V)

—

[\




Constructionof Y
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(Mllf) «—> (V, W, K) [(1,0,...) 0,0,...) (o,o,...)] — (é_z é__z

0,1,...) (0,0,...) (O,1,...)

+ From the 8[ . bi-crystal structure on (V, W) we get info about intrinsic energy #

» We can also transport leading maps £y, £y, = Z'p , and “trivialize” tableaux
P,Q
1 2
, 2134 133
Example: ( 1375 [2]2]5 )
2 3

» From the “leading tableau” (7,7T) = Z£p, wereadoft «

QK/



Constructionof Y

0,0,...) (1,1,...) (1,0,...)
(Mk) <«—> (V, W, K) [(1,0,...) (0,0,...) (0,0,...)
2 0,1,...) 0,0,...) (0,1,...)
* In our example
T
>
Zpo

a
\zq
3|3

P

Nl [0

3 )

](—)(é_ B
— i}
| |

1 [

| {2 e}

213 1913




Tosumup

. X (Ml.’fj) «—> (V, W; k) has the following properties:
Content preserving ie. x'y" = H(xiyj)MiIfj
ij.k

oD D kM= (V) + H (W) + | K]

k>0 1,j

» (Greeneinvariants)  py + -+ + p, = LIS J(M)



Bijective proofs

. Cauchy Identity

Zb(q)P (x;@)P,(y;q) = Hnl—x

k>0 i,j=1 ly]

. Kawanaka-Littlewood Identity

1
Zb (9P, (x; q2>—HH1_x 11 e

k>0 i=1 lq 1<i<j<n



Conclusion

. We construct a bijective g-extension of the RSK correspondence Y

. With Y we can prove bijectively the Cauchy identities (CI) for g-Whittaker polynomials

. ltis the first time a bijective proof is given for Cl of Macdonald polynomials outside of
the Schur case

. With Y we can prove bijectively refinements of the Cl relating g-Whittaker and skew-
Schur polynomials (Sasamoto’s seminar)

. Our bijective theory gives direct connection between solvable non-free fermionic
models and positive temperature free fermionic models (Sasamoto’s seminar)



