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• (abelian symmetries) belongs to family of commuting operators , which talstra Haldane 's
• (non abelian symmetries) commutes with action of Yang Ian Hoffert Haldane et al '92
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• for r=2 has exact Yloglz ) highest -weight eigenvectors 4, determined by
É=¢vp④CVµ tech = m

✗
, I n

- 2MtI

44×0 - -④Yu④Vp④ - •④ try , 4×7 = Ñlzi -Ej} ✗ PI
""
121 , . . ,2m ) = : f-

✗
(Zn , - .,Zm) Haldane '91

'mFIFITEE
square Jack Polish

§ § of § IÉÉIÉ" § ,of VanderMonde (spherical zonal)
n

basis vecVIZ
. 4×= [ fxlzin , . . >Zim) ✗ (with + at ) •t•f§^op•f&?¥n

i.< . -< im
in , -- > im im

• is lattice toy model for fractional quantum Hall effect Haldane 'er

e.g. exhibits fractional (exclusion ) statistics
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Uglov
'

95
spin - Macdonald -Ruijsenaars IL et al

'

20
• abelian symmetries

• nonabelian symmetries
• exact eigenvectors

affine Hecke

al9-pjnm.TTsymmicr)④h_valued

symmetric ←•f •f→§§'s
"
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to class equilib

%
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→
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•
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A-lgeb-raiba-kgro-I.He-kealgebralt-wahori-ltle.ch
algebra (type An-,)

Hn=Hn(t
'/2) = ( unital assoc alg / braid relationsF) • - In-1 (Ti - t

'/2) (ti + f-1121=0 ) t→^→ ¢5m
so Ti'=T; - It

"'
- f-"2)

important representations :
• (polynomial') on ①[It] :=¢C✗n,✗i

'

, .. ,✗n,✗ñ
'

]
or ECI) : = ①Ca , . . > ✗n]

via T;i→ t
'"
- E'"Ctx; - ×;) (✗ i - ×;)

- '
Cn-Si) Demazure- Lusztig t→^→ 1 - a- si ) = si :X:<→ ✗it ,

• ('spin
' ) on W= (E)

④^

r€Zzz ¢12 0 0 0

,
r=2 : T= ( O t''d- f-' 12 +1120via T;\→id④"

-"
④ T④id④(n

- i- 1)
f-in o o

° }
,
/ =P

° O o +112 ) (
^

70

Trmk (Jones) wvu wvu

R-matrix of Ñr:=U+nz(Loser)
" 1^7 §✓=ÑJÑ(u/v) = t'" = ¥

"

braid- like form : R(uj=pR(us
=

U V u v W u u w

U ✓ U ✓

E- 'Klim Ñ(u)=T± ' Iim Ñ(E) =P . Yloglr)
L u±'→cs C-→1

this representation is reducible :

W= (E)④
"
= ⑤ ✓

"
④ V,

e I 1
quantum Specht module multiplicity space :

finite-dim Hn- irrep W contains dim Vx copies of V
"
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Algebraic background II : quantum Schur-Weyl duality
-----

(Iwahori-ltlecke algebra (type An-,)

Hn=Hn(t"4= ( unital assoc alg / braid relationsF) • - In- ' (Ti - C-
"2) (tiff-1121=0 ) t→^→ ¢5m

'

spin
' representation on W=(E)

④n

r€Zzz
t
'/2 O O o

via Tii→id④"
-"
④ T④id④"

- i-"
,
r=z : 1-=/ °

,

+
"

It
""

to
"

't?, /€> (
^

98
,
/ =p0 f-

' 12
O O

is reducible

in fact Hn - action commutes with U := Utnzloglr) É= standard rep
- r

more precisely : the actions generate each other's commutant in Endw

and we have
EI n=5 , r=2 :

W=(E)④
"
= ⑤ ✓

"
④ V, wt #tea DID ☒ TEE #✗th 5 0 •

exer /^ ( 3 , •
'

•-•-•-•

n z

'
• •'-•' - '•-

'
• absent

quantum Specht module highest -weight module → ,
od ⑤ d- '•-

'

•-
'
•
⑤T.II.IE?::--:oCA3e2--o)finite-dimHn-irrepfinite-dim Ur - irrep -3 a doo od- '•- od-od

- S S •'

triv (6✗) stand (4K) (2k)

spin.-5-211×1 spin-§ (4×1 spin-12 (5×1

EI n=3, r =3 :

☒ IF D=
•
/ '•

%• •÷÷T?i
•
§•••

④ •÷÷I÷⑤ÉÉ:s÷i÷-• ④ •
"
•
'_•••.•←É•

trivial Gox) standard (ex) sign 11×7

Gx) adjoint (zx) trivial 4×7 6/75
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"2) (tiff-1121=0 ) t→^→ ¢5m

'

spin
' representation on W=(E)

④n

r€Zzz
t
'/2 O O o

via Tii→id④"
-"
④ T④id④"

- i-"
,
r=z : T=( °

,

+
"

It
""

to
"

,?, /€> (
^

9 }
,
/ =p0 f-

' 12
O O

is reducible

in fact Hn - action commutes with U := Utnzloglr) É= standard rep
- r

more precisely : the actions generate each other's commutant in Endw

and we have
EI n=5 , r=2 :

W=(¢
" )④h= ⑤ ✓

"
④ V, wt #tea DID ☒ TEB #✗thy µ s o •

lier
z y •' •-•-•-•

1 2
do •'-•' - '•-

'
• absent

quantum Specht module highest -weight module → ,
od ⑤ d- '•-

'

•-
'
•
⑤T.II.IE?:--:oCA3e2--o)finite-dimHn-irrepfinite-dim Ur - irrep -3 a doo od- '•- od-od

- S S •'

alternative perspective : quantum Schur functor triv 16×1 stand 14×1 (zx)

spin.-5-211×1 spin-§ (4×1 spin-12 (5×1

{fin-dimHn-modules} → {fin-dimUr - modules} eIn=3, r =3 :

4

M④W/ ☒ ☒ D=
M-7 M④W:= •Éimfixot -Toti) •

'i•Hn
, .•;•

•-÷•;i= '

•,q•••
⑤ •É¥÷÷oÉE±i→¥-• ④ •

in particular, %i%.••É•
V
'
→ { Vx if Her

trivial Gox) standard (ex) sign 11×7
0 else an adjoint (zx) trivial 4×7 6/75



Hecke algebraA-lgeb-raiba-kgroundt.IT#ffine-Hn--Hnlt''2) = ( unital assoc alg / braid relationsF) • - In- ' (Ti - t
'/2) (ti + f-1121=0 ) t→^→ ¢5m

affine Hecke algebra (type Gln , Bernstein-Zelevinsky presentation)
tiYiTi=Yi+i , Kish t→r→ degenerateÑn=Ñn(t"4= '

Hn ICY, ,Yi
'

,
. . ,Yn,Yi]

with
cross relations TiYj=YjTi , j-ti.in affine Hecke algebra

maximal abelian

subalgebra

important representations :

• on Mz :=IndÉiy±g1vz) = tin ④ Clvz dim Mz=n ! basis Twvz , wtsn
- ec¥] -

2=-40)"
" irreducible for 2- c-(E)

"

generic zi=tzjV-i±j
Yi0z=ZiVz

• on ECI) : = ①Ca , . . > ✗n]

via Tir t
'"
- E'"Ctx; - ×;) (✗ i - ×;)

- '
Cn-Si) Demazure- Lusztig

1-G-sit = si :X:<→ ✗it ,

Y 1-7 Tj , , - - -Tip Tnii . . - T;
- ^ Cherednik Yi /q=t✗ =

it It -1)di + Oct-15 Dunk /
9E¢✗ j

"[ f)(×, , . .,Xn)=f(Xz, . . , ✗n>9-
'
✗a)

which is reducible with fin-dim tin- irreps :
ECI] = ④ span,c{ t.nl/-;q.t),M-cSn-x }

exen
I
nonsymm Y;En(± ;q,t)=t

"

'q-%Eµ(±;q,t)Macdonald polyn : { Eµ(± ;q,t) = + lower monomials

EµC±;t9t) Elite) nonsymm Tack
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Algebraic background IIT : quantum affine Schur-Weyl duality
Hn=Hn(t

'/2) = ( unital assoc alg / braid relations
"-

¥-t"ÑÉj=o)tcÉ
-

T
, , . . >

Tn- i

TiYiTi=Yi+| , TeichÑn=Ñnlt"4= '

Hn ICY, ,Yi
'

,
. . ,Yn,Yi]

with
cross relations tiyj-yjti.j-i.it,

t→^→ degenerate
affine Hecke algebra

maximal abelian

subalgebra

quantum -affine Schur functor {fin-dim Drinfeld '86
tin-modules} → {Ein -dimUr - modules}
4 u

M-7 M④W:=M④YÉim(T;④t - ixti)
Hn i= ,

~

with explicit action of Ur := Utiizfhozlr)
idea : upgrade W to tensor product of evaluation modules

and formally replace evaluation parameters by Yi , ..,Yn
('qnantised inhomogeneities ' )

e±r=2 : Uz-action on M④ (d)
④n extends to action of Ñz

Hn
n n

e := (8^0)=0 E
,
= id④ [ K,- . - ki- ie ; E = [ Yi ④ Kii . -Kilifi

i=, 0 i=,
n n

f (0^8)=0- F, = id-OE.fik-ii-i-ik.nl Fo = E.Yi
-'

④ eikiti . - • kn Drinfeld -Jimbo presentation Chari Pressley
'96

k := (
t
t
?/2) = to-42 K, = id kn . -- kn Ko= id Ki!-- Kin

'
= Kj

'

Y expansion in
u± '

of Gauss de comp
equivalently : on Mlk]] ④ (e'④W)

Hn-
↳(a) =RonCuYñ

') - . - Roncalli
'

) Bernard et al 193
= Poor.in, Ñn-i.nlnYñ

' ) . - - Ñoncuyi,
it

Faddeev-Reshetikhin -

= (a)
④ int" Takhtajan presentation

(t - 1)Yi Hn+ , - modulewhere Ñ;- i.iluY.it = t
'"

④Ti-it tu-y.lt To, -. >Th-l

'E via power series 9
expansion 8175



A-lgeb-raiba-kgrounde-i-the-entertln-H.lt'/2) = ( unital assoc alg / braid relationsTn , . . >Tn-1 (Ti - t
'/2) (tilt

-"2) = 0 )
TiYiTi= Yi+1 , te ichÑn=Ñn(t"2) = '

Hn ①CY, ,Yi
'

,
. . ,Yn,Yi]

with
cross relations TiYj=YjTi , j-ti.it1

maximal abelian

subalgebra

quantum -affine Schur functor {fin-dimtin-modules} → {fin-dimÑr - modules}
4 v1

M-7 M④W:=M④W/Éim(T;④t - ixti)
Hn i= ,

with explicit action of Ñr := Utiizfhozlr)
PLUS action of center zn :=z( tin )=¢[y±ySn

c) 9det
"
commute !

←
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geb-raiba-kgrounde-i-the-entertln-Hn.lt/2)=funita1assocalg/braid relations
Tn , . . >Tn-1 (Ti - t

'/2) (tilt
-"2)=o )

TiYiTi=Yi+\ , IsiahÑn=Ñnlt"4= '

Hn ICY, ,Yi
'

,
. . ,Yn,Yi]

with
cross relations TiYj=YjTi , j-ti.it

maximal abelian

subalgebra

quantum -affine Schur functor {fin-dimtin-modules} → {fin-dimÑr - modules}
4 u

M-7 M④W:=M④W/Éim(T;④t - ixti)
Hn i= ,

~

with explicit action of Ur := Utiizfhozlr)
action of center zn :=z( tin )=¢[y±ySn

c) 9det
"
commute !

plus ←

important representations :

1-7 Mz ④WE É[z, ,z;] ④ . . -④ ¢r[zn,z;]
tensor prod of

• on M :=IndtÑ evaluation modules Chari Pressley
'96

El jlvz)I
-

- Hn

E.€¢× )
" T Lolu)=Ron(ulzn) - - -Ronlulz,) interesting : troholu) transfer matrix

Yi0z=ZiVz Of inhomog ✗✗2-

Zn=Q scalars boring r=2 : six-vertex model

• on ECI] :=ECa , . . > ✗n] 1r=# ① (E) ④ ① I ① (e) Sn Cherednik '

92

via T;i→ t
'"
- E'"Ctx; - ×;) (✗ i - ×;)

- '
Cn-Si)

"
n

I
Lolu) = 7 boring

•

q←¢✗ Yj '→ Tj , , - - -Tip Tnii . . - T;
- ^
cherednik ←•

•→
•
•→

'[↳f)la, . .,✗n)=fCxz, . . > ✗n>9-
'
✗a) Zn=Q[¥ ]Sn interesting Macdonald operators

n

^ EKCYI ! . . ,Yi
'

)= :D? on ¢(E)Sn e.9 . I>ñ=[ Ajlxit)Tq,✗;reducible with fin-dim Hn- irreps j=iy
span,c{ t.nl/-jq,t),M-cSn-c } exen 1-7 ① Pale ;q,t) symmetric Macdonald polyn rational

FT→9%
functionEtew"Tw p,(± ;t✗,t ) PIYE) Jackwtsn
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5-Pinmacdnaduijsenaars
for r72 the

'physical space
'

Ñ := ① (E) ④W I ④rlx, ]④ . . -④ Gran]) t- deformed bosons bosons
' ' '

4- Hn invariants under

tin -module (qe¢✗) sit> Csi④1)Ñ;.int/ilXi+it-JsixOPi.i+ , ¥¥¥Ñ
via Yj l→T;- , - - -Tip Tn . . - T

;

- ^

"[ f)(✗n , . .,Xn)=f(Xz, . . > ✗n>9-
'
✗a)

comes with

• (non abelian symmetries) action of quantum- loop algebra Ñr= Utnzlhoflrl Bernard etat 193

To(a) =Ron(uYñ ') . . - Ron (uYi
'

)

= Peon . . .n , Ñn..,nluYñ
' ) - - - Ñonluiti ')

g) qdet Cherednik '

94
• (abelian symmetries) family of commuting spin -Macdonald operators TL et al

'

20
for q=t•, C- → 1 yields2-n= ①[¥ ] Sn n

✗
e-9 . Ññ=;§Aj(± ;tj×^¥¥Y . . ./

"
= RYUN

ur spin- Calogero -Sutherland

EKCYI ! . . ,Yn
")=ÑE on Ñ ×,

. . ×;
. . ✗n Fou = Tolin : " '→ 9" Ñnr=z£(g.2%5

j= ,
= Ankit)Tq,✗, + AII.it/Rnzlxz1Xn)Tg.xnRnzlxnlXz)

+[ -✗z 212 - Pi;)+ Az (Iit ) Ñzz(✗31×2)Ñ.az/X3/Xi)Tq,xzRnz(Xi/X3)Rz3(Xz/X3)t-.-igjCXi-Xj )
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5-Pinmacdnaduijsenaars
for r72 the

'physical space
'

Ñ := ① (E) ④W I ④rlx, ]④ . . -④ Gran]) t- deformed bosons bosons
' ' '

4- Hn invariants under

tin -module (qe¢✗) sit> Csi④1)Ñ;.int/ilXi+it-JsixOPi.i+ , ¥¥¥Ñ
via Yj l→T;- , - - -Tip Tnii . . - T;

- ^

"[ f)(✗n , . .,Xn)=f(Xz, . . > ✗n>9-
'
✗a)

comes with

• (non abelian symmetries) action of quantum- loop algebra Ñr= Utnzlhoflrl Bernard etat 193

To(a) =Ron(uYñ ') . . - Roncalli
'

)

= Peon . . .n , Ñn-i.n(nYñ
' ) . - - Ñon(uYi ')

c) qdet Cherednik '

94
• (abelian symmetries) family of commuting spin -Macdonald operators TL et al

'

20
for q=t•, C- → 1 yields2-n= ①[¥ ] Sn n

✗
e-9 . Ññ=;§Aj(± ;tj×^¥¥Y . . !|

"
= RYUN

ur spin- Calogero -Sutherland

EKCYI ! . . ,Yn
")=ÑE on Ñ ×,

. . ×;
. . ✗n Fou = Tolin : " '→ 9" Ñnr=z£(×;z×;}

j= ,
= Ankit)Tq,✗, +AII.it/Rnzlxz1Xn)Tg.xnRnzlxnlXz)tA3CX-it)Rz3(X3/Xz)R.nz(X3/Xy)Tq,✗zÑ,z(×, /✗3) Ñzzfx,/✗3) + . . .

+É '× ^

isjcxi - xjjz
21£ - Pi;)

• exact Ñr - (pseudo) highest -weight eigenvectors cf takeMura Uglov
'

97

obtained from partial symmetrisations of non symmetric Macdonald polyn

eIr=z W = (d)④
n n

= ④ Wm slz-weight spaces Wm :# t = m y 1-744×0 . -④Yu④Y④ - •④4,47
É=¢vp④Cvµ m=0

IF TEE
likewise Ñ= ⑤ Ñm Ñm=C[I]¥nWm~=yS { basis vec

m=o
[ t
""

Twf ④ (witht.at/-lfW-cSn/Smxsn-mW1s.-,wm
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Extracting-aspiniafÉng Talstra Haldane 's

Uglov
'

95Ñ := ① (E) ④W I ④rlx, ]④ . . -④ Gran]) t- deformed bosons bosons

✓ Hn IL et al
'

20
invariants under +→ a

tin -module (qe¢✗) sit> Csi④1)Ñ;

.int/i/Xi+i)-7sixOPi.i+iviaYjl-Tj.,---TypTn--i..-T;-1L~o(u)--RonCuYn-') . . - Roncalli
'

)

= Peon . . .n , Ñn.,,n(nYñ
' ) . - - Ñonluyi ')

n

Zn=E[ t.sn e.g. Ñi=;§Aj(± ;t)×§&"| . .it/=AnlEit)Tq.xntAzlIit)Rnzlxz1Xn)Tq.xnRiz(✗a /✗2)4
+ Az (Iit ) Ñz3(✗31×2)Ñ.az/X3/Xi)Tq,xzRnz(Xi/X3)Rzz(Xz/X3)ekCYiI..,Yn-')--Iii on Ñ ×,

- . ✗j
. . ✗n

t
. . . ¥ = Tqm : Ut> qu

u

i) semiclassical limit : from difference to differential
"
= iculv)

U V

U V

019° ) : DTE /g= , = DE /q= , = [ I]µ,z constant TmT= - It"'-t
-"2) i'a)

n n

" ✓

= t
'"
-T

019^1 : 8 :=%q|q= , 8155 = ⇐ A;(±;t)xj2×; + It'"-t
-"2) [ A;(±;t)[ - t""

;= .lt#i-x;xi-txT-
✗ I - " I I ' - - I t-antisymm

j=1
✗ y

. - ✗i . . ✗j - - ✗
n

Tq , ✗ = It (9-1)×2×+019 -152

non abelian symmetries [ Iola)lq=n , 81553=0 , Tolu)lq= , = RonCuYñYq= , ) . . - Roncalli '1q= ,) nontrivial
abelian symmetries [8155,8/5.1]=0
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Extracting-aspIÉiafÉng Talstra Haldane 's

Uglov
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95Ñ := ① (E) ④W I ④rlx, ]④ . . -④ Gran]) t- deformed bosons bosons

✓ Hn IL et al
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20
invariants under +→ a

tin -module (qe¢✗) sit> Csi④1)Ñ;
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' ) . - - Ñonluyi ')
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+ Az(I;t)Ñz3(✗31×2)Ñ.az/X3/Xi)Tq,xzRnz(Xi/X3)Rzz(Xz/X3)ekCYiI..,Yn-')--Iii on Ñ ×,

- . ✗j
. . ✗n

+
. . . ¥ = Tqm : Ut> qu

u

v u

i) semiclassical limit : from difference to differential = RYUN
U V

U V

019° ) : DTE /q= , =D 'ilq= ,
= [ I]µ,z constant TmT= - It"'-t

-"2) i'a)
n n n

" ✓

= t
'"
-T

- txixj019^1 : 8 :=%q|q= , 8155 = [ A;l±;t)×j2×; + It
"'t"")EA;(I;t)[ t-i.it, ✗ I - . - IT T . - ' I t-antisymm

j=i j= , j= , ✗ n
. - ✗i - . ✗j - - ✗

n

Tq , ✗ = It (9-1)×2×+019 -152

non abelian symmetries [ Iola)lq=n , 81553=0 , Tolu)lq= , = RonCuYñYq= , ) . . - Roncalli '1q= ,) nontrivial
abelian symmetries [8155,8/5.1]=0

ii ) remove derivatives

Ñi=Di=Tq×, - i.Tg ,✗n has SÑi=É×; -2;
Q : ? ]-Z_E¢×)" s.t.Ajlz.it)=cstn independent ofj

j=1 A : yes , I = (w,w2, . . . >Wh) w :=e2Mi/n

n

SO H := t.net#(8Di-cstnx8DI),=z=cstnxEV(Zi.Z;)xf...ffn f. . - I z;=wi
is;

Zy . - Zi . . Zj - - Zn
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Mainresult-i.t-def-rmedtla-dane-sha-try-spinchain.IE * * * É .iq ,
the operator ¥t=iwv) ñrr-matrix •t§•pop&&$n

U V
.
.
.

WM

Hi __ cstnxfg.ctz.IE?iz?-+z;,- ✗ I - " IT T ' - ' I ÑÉ= - ith-t-"2) i'a) t-antisymmetriser Uglov
'

95
21 . - Zi - - Zj - - Zn u ✓

= t
,/z
-T T L

'

18

Zj : = WI , w :=e2Mi
/n

on (E)④" =/¢112m
, . . ,pn. . ,pn- n>/ ④ (E)

④^

Hn

• (abelian symmetries) belongs to family of commuting operators , which Bernard etat 193
IL et al

'

20
obtained from Zn :=Z(tin)=E[I±]

" via freezing HE = t.nl#(dDnk-cstiixSDi),=z
• (non abelian symmetries) commutes with action of quantum- loop algebra Ñr := Utnizlhoglrl

Lola) : = Ron(uYñ
'

/q= , ) - . . Roncalli
'

/q=,) mod Cpr , . . ,pn- i ,pn- n>
Bernard et al 193
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Mainresult-i.t-def-rmedtla-dane-sha-try-spinchain.i.tt * * É .iq ,
the operator ¥-=iwn ñrr-matrix •t&•pop&&?•n

u V WM

Hi=cstn×Éj(+zIÉiÉÉ+ ✗ I - " IT T ' - ' I ÑÉ= - ith-t-"2) i'a) t-antisymmetriser Uglov
'

95
21 . - Zi - - Zj - - Zn u ✓

= t
,/z
-T T L

'

18

Zj : = WI , w :=e2Mi
/n

on (E)④" =/¢112m
, . . ,pn. . ,pn- n>/ ④ (E)

④^

Hn

• (abelian symmetries) belongs to family of commuting operators , which Bernard etat 193
IL et al

'

20
obtained from Zn :=Z(tin)=e[I±]

" via freezing HE = t.nl#(dDnk-cstIxSDi),=z
• (non abelian symmetries) commutes with action of quantum- loop algebra Ñr := Utnizlhoglrl

Lola) :=Ron(uYñ
'

/q= , ) - . . Roncalli
'

/q=,) mod Cpr , . . ,pn- i ,pn- n>
Bernard et al 193

basis vec
• for r=2 has exact Ñz- (pseudo) highest -weight eigenvectors 4×= [ ten" Twf, ④ (with + at ) determined by
①
'
= ①Vp④①V, wesnlsmxsn -m

w" -- - Wm

f
,
:= 44×0 - -④Y④Y④ - '④Ya , Ya> = itfltxi - ×;) (t- '×;-×;) ✗ Palin , . . ,✗m;t , -12) = mint lower terms ( i.e. µ=X+zSm ) I Let al

'

20

I' II ¥-7m e- TIÉeat -_ m '
symmetric square

'

Hen-2Mt' of t-VanderMonde (quantum spherical zonal)

c- Ela, ..,✗m]% . . .>
I ¢19 , - •Yn]

"""-

%p
, , . . ,pn . . ,pn - n>

I ¢11]kp, , . . ,pn. . ,pn- n>/ ④ Wm = Wm :# t = m
Hn

Drinfeld polynomial Ñ (n - t'"-"+"" u)
, HÑ+zHn - eigenvalue ;§µE[i]µz[n-it.tl/z-.EyuEicn-iJi(EM.Mti)
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summ-aryit-defo-medt-adane-sha-try-spinchair.FI
"=Ñu1v) Ñr R-matrix

U V

Hi=cstn×Éjc+zIÉii÷ ✗ I :-|
"

I . - - I Uglov
'

es
ÑnÑ= - It"'-t-"2) i'(1) t-antisymmetriser JL

'

18
2, . - 2; - . Zj - - 2h

u ✓

Zj := WI , w :=e2Mi
/n

Drinfeld '86fro-mquant-um-af-ineschur-W-eytdua-itya-df-eezing.BErnardetal 193
Talstra Haldane 's

spin - Macdonald -Ruijsenaars Uglov
'

95
• abelian symmetries BE c- zn=z(tin )=¢['I'±]

"

Ñ=ClI)n€)④^ • nonabelian symmetries Idu)=Ron(uyn-y.i.ro,(uyi
'

)
TL et al

'

20

I (Circa]④ . .④É[✗n])S" • exact eigenvectors ñr= Utnzclozlr)

affine Hecke alg tin-
symmicr)④h_valued §•Ñ} symmetric polynomials r-qf.jo/g&s

{ polynomials¢11]④V☒=¢[I]" semiclass Iim expansion in 9=1

µ
Hn freezing

to class equilib g.= -2; , i.e. mod Cpr,. . ,Pn - i. Pn- n>

•' r*⇒

&
. .tk "←•

•→
•
•→ ←•

Macdonald -Ruijsenaars t - deformed Haldane- Shastry
• abelian symmetries Dri -cZn=Z(tin )=¢['I'±]

"
• abelian symmetries HE = It'"-t-"25

'

@ Ink - est'i×SÑi)±=z
• exact eigenfunctions : • nonabelian symmetries Lola)=[olu ) /

g= ,
mod Cpr , . . ,pn- i ,pn- n>

Macdonald polynomials • exact eigenvectors cr=2)
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Outokgndsapeofngrangespinchains ( r=2) §§§,¥&&•p• ÉoÉ§&&&&inteange→
nearest neighbour intermediate long range

/ degree of contact potential range
✓ spin symmetry elliptic potential trig potential

anisotropic Heisenberg XYZ c- ? → ?

elliptic quantum alg Sutherland '
70

Baxter '

73 v1 t
t

partially Heisenberg ✗XZ ← ? → E- deformed HS
isotropic Orbach .gg Uglov

'

95,7148
quantum - loop alg Yang-Yang '

66
affine Hecke alg

JL Pasquier Serban
'
20

trig quantum alg I
t tr

isotropic Heisenberg XXX ← lnozemtsev → Haldane- Shastry
Yangian Heisenberg '28 lnozemtsev '90 Haldane ' 88

, Shastry
' 88

degenerate AHA Bethel}, lnotemtsev '90 -
'

00
,

Haldane '91 , Bernard et al '

93
rational quant alg tlabbers TL '20

14175



out-k-and-ape-of-qua-tummany-b-dy-systems.gr
☒•

•→
•
•→

d

inteange→
nearest neighbour intermediate long range
contact (variables ) range

elliptic (variables ) trig (variables )

( ? ) ? ←
'
DELL

' → ?
elliptic (derivatives)

b b b
← ell Ruijsenaars → trig Rnijsenaars-relativistic ? Macdonald

trig (derivatives)

b b b
non- rft ~ Lieb-Liniger ? ← ell Cal - Sat → trig Cal - Sat
rational (derivatives)

towards grand unified theory for

quantum- integrable long - range spin chains ?
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B-onu-5.is#tropiclevel-cr=z)
* ÉÉÉ&.in

" isotropic slz - invariant §$É?⃝
H= [ VII.Ha - Ri;D on (E) ☒n I://qop.lu??&nFi
i<j homogeneous Zunz - invariant j

Heisenberg ✗✗✗ '28 lnozemtsev '90 Haldane '88 - Shastry -88

VHeisliijl-odci.jj.it ← Vino"'t) ~ Split) → VHS"'t )=FsinzIij=c!dzK→ cs yr K→0

In, )EZzzxilR>o

exact up to solving
← up to solving → in closed form

solubility '

Bethe equations
' via connection to Haldane '91

(spectrum)

'

Bethe equations
'

Bethe '31 via connection to
trig Calogero -Sutherland
(✗*=L : zonal spherical )ell Calogero -Sutherland

Inozemtsev
'90,195,100 Y nonsymm theoryI Bore / subalg kiabbers yuzo + freezing

quantum Yangian structure degenerate affine Hecke alg
integrals Faddeevetal , late

'
70s-80s

unknown
Yangian symmetry

Bernard et al '93

1 abelian 1 centre
✓ subalgebra + freezing

higher conjectured
Ham's

known
partial proof known Bernard et al '93

Talstra Haldane '95Dittrich Inozemtsev
'08
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