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Macdonald polynomials

Macdonald polynomials are a remarkable family of functions.

They depend on several parameters, and upon suitable specialization
they yield many different families of special functions arising in the
representation theory of reductive groups

This includes spherical functions and Iwahori-Whittaker functions.

In turn, Macdonald polynomials can be understood in terms of a
certain representation π of Cherednik’s double affine Hecke algebra
H = Hk on the group algebra X of a lattice L.

The representation π, which we recall below, is called the polynomial
representation of H.
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Generalization

Whittaker functions can be further generalized to the setting of
metaplectic covers of reductive p-adic groups.

These play a key role in the theory of Weyl group multiple Dirichlet
series.

We will show that Macdonald polynomials also admit a corresponding
generalization.

This can be understood via a representation πg of H on the group
algebra Q of the additive group of the vector space E = L⊗Z R.

We refer to elements of Q as quasi-polynomials, and to πg as the
quasi-polynomial representation.

We first recall the basics of Macdonald polynomials, and then explain
our generalization.
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Affine root systems

Let Φ be an irreducible affine root system of untwisted type.

We fix the standard invariant form satisfying ‖α‖2 = 2 for long roots.

Let W be the Weyl group of Φ and L is its coroot lattice.

The double affine Weyl group is defined to be the semidirect product
W = W n L

The (affine) Weyl group W is itself a semidirect product
W = W0 n L0

Here W0 is the Weyl group of the underlying finite root system Φ0

and L0 is its coroot lattice.
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Simple roots

We fix a choice of simple roots α0, α1, . . . , αr for Φ

Such that α1, . . . , αr are simple roots for Φ0.

Then α0 = δ− ϕ where ϕ is the highest root for Φ0

The vector δ is a null vector, i.e. it satisfies ‖δ‖ = 0.

Moreover L is isomorphic to L0 + Zδ.

Thus we have an isomorphism

W ≈ (W0 n L0)n (L0 + Zδ)

In particular Zδ is central and W contains two copies of the lattice
L0 with a commutator pairing into Zδ.
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k-parameters

Let F be a field and let X = 〈xλ〉 be the group algebra of L over F .

The double affine Weyl group W acts naturally on X .

The polynomial representation of H is a deformation of this action.

For this we choose parameters kα ∈ F× for α ∈ Φ satisfying kα = kβ

if ‖α‖ = ‖β‖, and we put ki = kαi .

Thus there are at most two distinct k-parameters.
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The double affine Hecke algebra

The double affine Hecke algebra H can be defined as the algebra of
operators on X generated by the following:

multiplication operators xµ, µ ∈ L acting by xµ(xλ) = xλ+µ

divided difference operators T0, . . . ,Tr acting as follows

Ti (x
λ) = kix

si (λ) + (ki − k−1i )
1− x−(λ,αi )α

∨
i

1− xα∨i
xλ. (1)

Alternatively, H = Hk can be defined abstractly via generators xµ

and Ti , with explicit relations.

Then (1) is the polynomial representation π of H, which turns out to
be faithful.
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The affine Hecke algebra

In view of the isomorphism L ≈ L0 + Zδ we can regard an element p
of X as Laurent polynomials in x1 = xα∨1 , · · · , xr = xα∨r and q = x δ.

In fact q is central for the H action, so one usually considers p to be
a Laurent polynomial in the xi with coefficients in F (q).

One can also take the ki to be generic and work over the field
K = Q(ki , q).

Let H be the subalgebra of H generated by T0, . . . ,Tr .

Then H is an affine Hecke algebra, which is a flat deformation of the
group algebra of W = W0 n L0.
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Cherednik operators and Macdonald polynomials

More precisely, we have a vector space decomposition

H = H0 ⊗Y0

where H0 is the finite Hecke algebra generated by T1, . . . ,Tr ,

and Y0 = 〈y κ〉, κ ∈ L0 is isomorphic to the group algebra of L0.

The operators Yκ = π(y κ) form a commuting family of operators on
X called the Cherednik operators.

If we work over the generic field K = Q(ki , q), then the Yκ can be
simultaneously diagonalized on X and the joint eigenspaces have
dimension 1 over K .

The simultaneous eigenfunctions of the Yκ are the Macdonald
polynomials.
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g -parameters

We fix functions gα : R→ F×, α ∈ Φ, with gα = gβ if ‖α‖ = ‖β‖

We assume the gα satisfy gα(0) = 1 and also the conditions

gα(−s) = gα(s)
−1, gα(s + n) = gα(s) for all s ∈ R, n ∈ Z. (2)

Note that there are at most two distinct g -functions.

Let Q be the group algebra over F of the additive group of the vector
space E = L⊗Z R.

Thus elements of Q are finite F -linear combinations of formal
exponentials xe , e ∈ E .

For e ∈ E we define hi (e) = gαi

(
−(αi , e)

)2
, and

gi (e) =

{
ki if (αi , e) ∈ Z,

hi (e) else.
(3)
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Quasi-polynomial representation

Let bsc denote the integer part (floor) of a real number s.

Theorem (S.-Stokman-Venkateswaran)

The formulas πg (xµ)(xe) = xe+µ and

πg (Ti )(x
e) = gi (e)x

si (e) + (ki − k−1i )
1− x−b(e,αi )cα∨i

1− xα∨i
xe , (4)

define a representation of H on Q.

The representation πg is highly reducible.

If e ∈ L then (4) becomes (1). Thus π is a subrepresentation of πg .

More generally, let O be an orbit for the action of W on E , and let
XO be the span of xe , e ∈ O.

XO stable under πg , and this defines a subrepesentation πO = πOg .
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Generalizations of Madonald polynomials

Thus we obtain a decomposition of πg as a direct sum of πO.

The definition of πO involves a fixed central element qs = x sδ and
only a finite number of values γj of the g -functions.

Thus πO can be defined over the generic field KO = Q(q, ki , qs , γj ).

Theorem (S.-Stokman-Venkateswaran)

The operators YOκ = πO(y κ) can be simultaneously diagonalized on XO
and the common eigenspaces have dimension 1 over KO.

These common eigenfunctions are our generalizations of Macdonald
polynomials.
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Remarks

If O is contained in the rational points L⊗Z Q then our
generalizations of Macdonald polynomials can be viewed as elements
of the group algebra of a lattice L′ with finite index in L.

Upon suitable specialization of the q-parameters, this yields the
polynomials studied by Chinta-Gunnells.

A further specialization of the g -parameters to suitable Gauss sums
yields the metaplectic Iwahori-Whittaker functions.
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Some Metaplectic polynomials for GL(3)

Formulas for E
(n)
λ (x), 1 ≤ n ≤ 5 and λ ∈ Z3 of weight at most 2.

E
(1)
(0,0,0)

(x) = 1

E
(2)
(0,0,0)

(x) = 1

E
(3)
(0,0,0)

(x) = 1

E
(4)
(0,0,0)

(x) = 1

E
(5)
(0,0,0)

(x) = 1

E
(1)
(1,0,0)

(x) = x1

E
(2)
(1,0,0)

(x) = x1

E
(3)
(1,0,0)

(x) = x1

E
(4)
(1,0,0)

(x) = x1

E
(5)
(1,0,0)

(x) = x1
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Some Metaplectic polynomials for GL(3)

E
(1)
(0,1,0)

(x) = (k−1)(k+1)
k4q−1 x1 + x2

E
(2)
(0,1,0)

(x) = (k−1)(k+1)
k(kq2+ε)

x1 + x2

E
(3)
(0,1,0)

(x) = (k−1)(k+1)g1
k4g3

1 q
3+1

x1 + x2

E
(4)
(0,1,0)

(x) = (k−1)(k+1)g1
k4g3

1 q
4+1

x1 + x2

E
(5)
(0,1,0)

(x) = (k−1)(k+1)g1
k4g3

1 q
5+1

x1 + x2

E
(1)
(0,0,1)

(x) = (k−1)(k+1)
qk2−1 x1 +

(k−1)(k+1)
qk2−1 x2 + x3

E
(2)
(0,0,1)

(x) = − (k−1)(k+1)
k(k+εq2)

x1 +
(k−1)(k+1)

q2+εk
x2 + x3

E
(3)
(0,0,1)

(x) = − (k−1)(k+1)g2
1

k2g3
1 q

3+1
x1 +

(k−1)(k+1)g1
k2g3

1 q
3+1

x2 + x3

E
(4)
(0,0,1)

(x) = − (k−1)(k+1)g2
1

k2g3
1 q

4+1
x1 +

(k−1)(k+1)g1
k2g3

1 q
4+1

x2 + x3

E
(5)
(0,0,1)

(x) = − (k−1)(k+1)g2
1

k2g3
1 q

5+1
x1 +

(k−1)(k+1)g1
k2g3

1 q
5+1

x2 + x3
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Some Metaplectic polynomials for GL(3)

E
(1)
(0,1,1)

(x) = (k−1)(k+1)
qk2−1 x1x2 +

(k−1)(k+1)
qk2−1 x3x1 + x3x2

E
(2)
(0,1,1)

(x) = − (k−1)(k+1)
k(k+εq2)

x1x2 +
(k−1)(k+1)

q2+εk
x3x1 + x3x2

E
(3)
(0,1,1)

(x) = − (k−1)(k+1)g2
1

k2g3
1 q

3+1
x1x2 +

(k−1)(k+1)g1
k2g3

1 q
3+1

x3x1 + x3x2

E
(4)
(0,1,1)

(x) = − (k−1)(k+1)g2
1

k2g3
1 q

4+1
x1x2 +

(k−1)(k+1)g1
k2g3

1 q
4+1

x3x1 + x3x2

E
(5)
(0,1,1)

(x) = − (k−1)(k+1)g2
1

k2g3
1 q

5+1
x1x2 +

(k−1)(k+1)g1
k2g3

1 q
5+1

x3x1 + x3x2

E
(1)
(1,0,1)

(x) = (k−1)(k+1)
k4q−1 x1x2 + x3x1

E
(2)
(1,0,1)

(x) = (k−1)(k+1)
k(kq2+ε)

x1x2 + x3x1

E
(3)
(1,0,1)

(x) = (k−1)(k+1)g1
k4g3

1 q
3+1

x1x2 + x3x1

E
(4)
(1,0,1)

(x) = (k−1)(k+1)g1
k4g3

1 q
4+1

x1x2 + x3x1

E
(5)
(1,0,1)

(x) = (k−1)(k+1)g1
k4g3

1 q
5+1

x1x2 + x3x1
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Some Metaplectic polynomials for GL(3)

E
(1)
(1,1,0)

(x) = x1x2

E
(2)
(1,1,0)

(x) = x1x2

E
(3)
(1,1,0)

(x) = x1x2

E
(4)
(1,1,0)

(x) = x1x2

E
(5)
(1,1,0)

(x) = x1x2

E
(1)
(2,0,0)

(x) = x21 +
q(k−1)(k+1)

qk2−1 x1x2 +
q(k−1)(k+1)

qk2−1 x3x1

E
(2)
(2,0,0)

(x) = x21

E
(3)
(2,0,0)

(x) = x21

E
(4)
(2,0,0)

(x) = x21

E
(5)
(2,0,0)

(x) = x21
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Some Metaplectic polynomials for GL(3)

E
(1)
(0,2,0)

(x) = (k−1)(k+1)
(qk2−1)(qk2+1)

x21 + x22 +
(k−1)(k+1)(k4q2+qk2−q−1)

(qk2+1)(qk2−1)2
x1x2 +

(k−1)2(k+1)2q

(qk2+1)(qk2−1)2
x3x1 +

q(k−1)(k+1)
qk2−1 x3x2

E
(2)
(0,2,0)

(x) = (k−1)(k+1)
(q2k2−1)(q2k2+1)

x21 + x22

E
(3)
(0,2,0)

(x) = (k−1)(k+1)g2
1

k2g3
1+q6

x21 + x22

E
(4)
(0,2,0)

(x) = (k−1)(k+1)
k(q8k+ε)

x21 + x22

E
(5)
(0,2,0)

(x) = (k−1)(k+1)g2
k4g3

2 q
10+1

x21 + x22
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Some Metaplectic polynomials for GL(3)

E
(1)
(0,0,2)

(x) = (k−1)(k+1)
(kq−1)(kq+1)

x21 +
(k−1)(k+1)
(kq−1)(kq+1)

x22 + x23 +

(q+1)(k−1)2(k+1)2

(kq−1)(kq+1)(qk2−1)x1x2 +
(q+1)(k−1)(k+1)
(kq−1)(kq+1)

x3x1 +
(q+1)(k−1)(k+1)
(kq−1)(kq+1)

x3x2

E
(2)
(0,0,2)

(x) = (k−1)(k+1)
(kq2−1)(kq2+1)

x21 +
(k−1)(k+1)

(kq2−1)(kq2+1)
x22 + x23

E
(3)
(0,0,2)

(x) = − (k−1)(k+1)g1
k4g3

1+q6
x21 +

(k−1)(k+1)k2g2
1

k4g3
1+q6

x22 + x23

E
(4)
(0,0,2)

(x) = − (k−1)(k+1)
k(εq8+k)

x21 +
(k−1)(k+1)

q8+εk
x22 + x23

E
(5)
(0,0,2)

(x) = − (k−1)(k+1)g2
2

k2g3
2 q

10+1
x21 +

(k−1)(k+1)g2
k2g3

2 q
10+1

x22 + x23
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