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lattice models as special functions
① combinatorics : Schur pl 's

Hall - Littlewood

Macdonald
L L T

② p - adic RT : spherical)Whittaker
,

hvahori

③algebraic geometry : Schur
Schubertthis talk ( Grothendieck

Motivation : prove combinatorial formulas
for special fats ( & more ? )



Geometry :

Q : How many lines intersect 4 given lines in
=

general position in 1123 ?

To solve this
,
usemealies .

The Grassmannion :

Gfk ,
n) =L K- dim subspaces of ¢n } Cor Rn, Qpm . . )

↳ smooth algebraic variety

Gela
,

m ) = Ll Ca Ca a Schubert cell (set of kxn
doTK

' matrices with

RREF Ats )
Schubert variety Xa = CI C Zariski )



Schubert variety X, → Schubert classes XD
in the cohomology ring H

* (GfK,n))

H
' (Gfk;D ) = ¢ lxn . . .xD% I
Ha) ⇒ sa

↳ Schur pole .

multiplication in H
" (Gfk

,

n) ) c-s intersecting Schubert
varieties wit. generically

chosen bases .

Q : How many lines intersect 4 given lines in
=

general position in 1123 ?

L -- line in 1123
,
l lines in IR

'

intersecting L t n) Schubertvariety→s
in 612,4)

Az : fugue !) 2 ,
because sins = 2 say t say) t sapp) .

for details ,see S . Billey's l C ERM slides
.



⇒ study special functions (and LR coeff. ) Combinator-ally
(lattice models)

*Grassmannion :

Schur pole's safe
') → Xx in cohomology ring H

't@find
-

(or .) p- Grothendieck pee GILES Xa in connective theqq.njn.gr↳ lattice models : MotegiSakai

Wheeler -+Zinn-Justin CITYIff!)

C



4The flag variety Fen

Fln is the set of complete flags 104 --Vo Elle Eth . . .. EkeIn

dim Vi = i .

Differently , Fln = Gln B ,
B = Borel = upper A-matrices,

Bruhat decomposition : Gln = U B w B .

WESn

→ Gln YB = U B w '343 ~, Cw = Beer BIB is a Schubert allw

Xw = Tw j Xw E LI Cy = U Xy
YEW Yew

'

Remar Both Gr Ck ;n ) and Fln special cases of
d- step flag variety FL Cnn , . . ,nd ; n) :-1M, . . ,Vd) : Yi Chien EE

'

dimVi --ni tf



Schubert varieties Xw :

Schubert pool's sw → Xw in cohomology of Fln

w E Sn L
,
Bernstein- Gelfand -- Gelfand
Denature

Lascaux -Schiittentserger

double p- Grothendieck polis p)→T-equivariant connective
. - K-theory of Fln

| ↳
Hudson

✓
Sule) for 13=0, I'--O\
,

mom

↳p⇐, for 't'-- o, a

.int?.e?TEFtiTmigne descent
lattice models in this talk

.
wli) > wfitn )



Recursive def. of GB ( geometrically due to pull back + push- forwardw

maps in Bott.Sonnetson res. of sing . in Fla )

X⑦y := xty t B xy

si simple reflection , Wo longest word in Sn .

f E Cl fxn , . . . ,xn7 , si f : swap Xi C
-IXie .

Oi f =Asif di f = Oi (ftp.xitdf)
Xi -Xi te

Def: Gino ,
I') = ifjtenxi ⑦Yid

G Bw
,
it) = OF GE

,
I
') for eto sit- latte .

lattice models for Gpu I' ), 2X

* Brubaker - Frechette - Hondt - Ibn -
Welter FHTW)fdifferent!* Baciumas - Scrimshaw- CBS )



Want to prove combinatorial properties of GiB .

-

:

Focus on : G Bw is a weighted sum over ( bumpless)pipe dreams

Bunplerspipedreams-CBPD.li.

tiles :
r
u f - I

nxn B P D : tilling of n xn grid with
n pipes starting bottom edge
ending right edge .

Hey ) esn : trace the paths , J
, hey I -- wo

record intersections using
the Denature product(si .- si)



Examples : w = si s z
C-Sy ,

all J with OCT) .- w :

n = 4

1 2 3 4 sit = Si
.

The(Weigand) : Gulf y
') -- E wtf )
OCP) =w

wtf) = IT Bfi⑦Yj) ITG-43 fi to .

tile D tile #
at Ce si) at Ci j )

1¥ : combinatorial
,
based on work of Lascaux



Colored lattice model for Gpu #I') ( BS ) :
colors Cn s Cz S . .

> Cm ,
O : uncolored

.

weights : c any color , c > c
'

oooo.io?ocoEocoootE.oocoIocooiEooooio%f3fxitOYj)
n n n

1 It Bfxiotyj) 1

Yr Yr 43

④ ⑧ ⑥→ SEE
Xr ⑥ ④

x.⑧/#④Y"
×30#f④

④ ④④
thmfBS.GE#iiI-.peHzslw4x;iiDtf =



Idea of proof : once you have the weights standard .

- ) .

* find solution of YBE ( SAGE computation t guessing)

* prove functional equation using the train argument
compare to functional eq . for Gpu

* compute 2- (s%) combinatorally ( one state )
compare to GBW

o



~

The fweigandt ) Gif y) -- E wtf )
DCP)=w

B
.

Scrimshaw : straightforward proof, once you have model
( cheating? )

there is weight preserving bijection between :

states in Sw c- J with OT -- w

②0⑧⑧⑦¥ooo¥⑥%% wtf) -fat.MX#tOlTftpxioxiD
i
t it Bfxtox) 1 otfiz ) atfff.IE

"

13¥) r n
-

-

c > c
'

Example :
x)

w = sa S3



The CP ) model in BFHTW different
conventions

weights : c any color , CL C
'

wie

④ ④ ④ O

⑦ ! -00 ②to ④-70 co-
t
-⑤

⑥ ④ ① ⑦ E

1 Xi ht Bfi Yj) n

④
⑥ I

① ① 00¥ 0£00 ④-
,
-⑥

①

a Xi ④Yj 1 a -113¥)

#BFHTW) 2- (Sw) -- GE I' ) .



Pipe dreams same style of tellings ,with
'

r t

them GBw④
,
I
') = -2 wtf) p I

,
wtf) yj)

OP -- w
fi
,j)



BFHTW proof : given I C- P D - s red ) E PD

match states inthe model to

sets of P with the same red ) .

* OP not always easy to compute .

Fact : there is no weight preserving bijection
between B P D and P D

.

⇒ the two models BS and B F H T W

are different .



Many other applications ( most reproofs )

& B F H TW:Cauchy identity

* BS : GEE; it) -- Gio. . at
a

diagonal flip

* Bs: w vexillay (avoids 2143) is no y
⇒ semidual model for

flagged double Grothendieck pal 's .of Knutson-Miller -Yong

* BS : stable limit : factorial Grothendieck polynomial
as seem over set- valued tableaux



More detail on the semi dual model

w is vexillauy -s no - s we may uncolor our model

→ → →

→ → →

→

given w vexilloy
-s Xw partition associated tow

Fu flaggin associated to w



tm(B# Semi dual model is integrable ,
represents 6,9W

,
.ru⇐ 6% )

semidual states←s marked GT patterns C- s set valued
tableaux

SVT

p
→ Gaw

,
.ru
is a sunn over S VTA

w
,
.tw



structure coefficients
-

:

sa is the character of Ya
E Rep (gen ) ..- semisimple .

Va ⑤ Vu = Of Ctu V y .

^ To
'

mon.- negative integers ( Littlewood
Richardson

v coefficients )
⇐ s sa -

su = Oz can so .

Problem : give a combinatorial algorithm for sin .

Littlewood Richardson : tableaux of shape VI X
and weight µ .

- first few proofs wrong
- correct proofs : Schriftenberger and Thomas



other formulas : * Yarnamaechi words

* Remmel -Whitney rule

* Knutson -Tao - Woodward putAles

* etc .

Zinn- Justin : reinterpret puttees , por integrable systems

cfµ → partition function

Wheeler +Zinn - Justin : c,Tµ for GI ( Grasmanmion
Grothendieck )

in terms of a integrable systems .
p

* for Gw open ?



structure coefficients for other special functions ?

Wa spherical Whittaker function for Gln / Qp .

Wen) for G Is metaplectra z- cover

Observation :(China Ruska's )
t

wa . wit -- E ein Wah↳ nice ovopeeties

* formulas for In ?

* representation theoretic meaning ?


