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Izergin-Korepin method
Korepin (1982) Izergin (1987)

showed how to determine the recursion relations

for the domain wall boundary partition functions of the U,(sls) six-vertex model
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can be regarded as the simplest case of the (off-shell Bethe) wavefunctions in many cases
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I will explain the Izergin-Korepin method to wavefunctions

prototype
reflecting boundary
other results

Izergin-Korepin method

variations of the domain wall boundary partition functions Tsuchiya, Kuperberg

Slavnov’s scalar product formula for the XXZ chain Wheeler
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. construct recursive relations between

WN,n and Wn_1n x,#N

o, " view as polynomials in wy
| () U
| () 5 //1t4k<PVT__:[’7l___1_ 21:71 — 'jN@F\\
| - () é fl o $ﬁ—1[] )
| 0 — i u
| »u*ﬁn : qx :
o 0 0 0 0 0 0 0 | 0Up—1




Steps of Izergin-Korepin analysis
- construct Korepin’s lemma

.evaluate the initial condition
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Steps of Izergin-Korepin analysis
- construct Korepin’s lemma

- show the multivariable polynomials satisty
the recursive relations and the initial condition



Korepin’s lemma The wavefunctions Wy (U1, ..., uplwi, ..., wN|2T1, ..., 2,) Satisfies the
following properties.

(1) WNn(ut,...;un|wi, ...;wn|ar, ... x,) is a polynomial of degree n — 1 in wy if x, = N
and degree n if x, # N.
(2) W (ut, ... up|wi, ..., wN|Z1, ..., 2y) is symmetric with respect to uj, j=1,...,n.

(3) The following recursive relations between the wavefunctions hold if x,, = N:

W an(ut, . unwr, o wn |2, 20) [y =gt
n—1 N—-1
:(1 - Q)un H(quj — un) H (un — wj)
Jj=1 Jj=1
X WN_l,n_l(ul, PR un_1|w1? se ey “wN_l‘.’,El, ‘e vy mn—l)-

If x,, # N, the following factorizations hold for the wavefunctions:

WU, .o upwi, .o w2z, 2)

—H — quN)WN_1p (U, .. uplwr, . wn— |, ).

(4) The following holds for the case n =1, x1 = N

N—-1

W i(ulwy,...,wny|N) = (1—q)u H (u— wg).
k=1
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and degree n if x, # N.
(2) Wz 2L U 2015 wazla L) S Symametric with respect to i, j =1 n
(3)[The following recursive relations between the wavefunctions hold if x,, = N:
W an(ut, . unwr, o wn |2, 20) [y =gt
n—1 N—1
:(1 o Q)un H (quj - un) H (un - wj)
J=1 J=1
X WN—l,n—l(ulu AR un—1|w17 I wN—l‘mla AR In—l)°

essentially the same with the case for the domain wall boundary partition functions

these properties mean that

WN . is uniquely defined by Wx_1,-1

Ly —

recursive relations between Wn , and Wn_1 -1

due to a fundamental property for polynomials

N



P(w) polynomial in w of degree at most n — 1

P(x1),...,P(x,) evaluations at n distinct points w = z1, ...

Lagrange interpolation formula

n
w — X
P(w) — ZP('CCJ) H ' m
=1 1<m<n Lj = Lm
m=j

P(w) can be constructed from P(x1),..., P(x,)
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1A )
Korepm s lemma The wavefunctions W, (ui, ..., uplwy, ..., wN|21, ..., 2,) salisfies the
following properties.

(1) WNn(ut,...;un|wi, ...;wn|ar, ... x,) is a polynomial of degree n — 1 in wy if x, = N
and degree n if x, # N.
(2) W (ut, ... up|wi, ..., wN|Z1, ..., 2y) is symmetric with respect to uj, j=1,...,n.

(3) The following recursive relations between the wavefunctions hold if x,, = N:

W an(ut, . unwr, o wn |2, 20) [y =gt
n—1 N—-1
:(1 - Q)un H (quj - un) H (un - wj)
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If x,, # N, the following factorizations hold for the wavefunctions:

WNn(ul,.. JUp|wy, .o wN T, )

—H — quN)WN_1 0 (Ut up|wr, . wN—g |, ).

(4) The following holds for the case n =1, x1 = N

N—-1

W i(ulwy,...,wny|N) = (1—q)u H (u— wg).
k=1
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Korepin’s lemma

The wavefunctions Wy n(21, ..., 2N|wi, ..., war|®, ..., xN) Satisfies the

following properties.

(1) When xn = M, the wavefunctions Wy n(21, ..., 2n w1, ..., w21, ..., 2N) @S a polyno-
mial of degree 2N — 1 1n wyy.

(2) The wavefunctions Warn(z1, ..., 2N wi, ..., war|@1, ..., xN) is symmetric with respect to
21y .5 2N, L€,

Warn(z1, .o en|wi, ., war|er, . aN) = WM,N(Zcr(l)a e ,ZU(N)|UJ1, W, N ),
for o € Sy.

(3) The wavefunctions Wyr n(21,...,2n|wi, ..., war|ze, ..., xn) with z; replaced by zi_l is

connected with the original one by
2

WM,N(Zla---:ZN|w1:---awM|5E1;---:$N)|zi<—>z;1 a“z; 222

%
5

2—CL_

WM’N(Zl, .. ,zN|w1, .. .,wM|ac1, . ,QEN) - (12222 — a,—QzZ._



Korepin’s lemma

(4) The following recursive relations between the wavefunctions hold if xy = M

WMQN(Zl, c ooy ZN|w1, e ooy wj\,,ﬂl’)fh con .’,UN)|wU a2z 2
N-1
=(a* —a ) (batzy" — b tazy) H a2z —a” z H a’ zNz —a 'zj)
7=1 7=1
M—1
" (azc w; —a” ! —1 -1 |
H azy wj —a zn)(azy —a aNw;)
j=1
X War—in—1(21, ..o an—t|wi, oo, wnv—i] 2, - aN—).

If xn # M, the following factorizations hold for the wavefunctions

W]\f,N(’Zlv"'JZN|w1;"')w]\f|x13'"amN)

.

1 1 1.1
az;  —a zjwnr)(az; — a Z wA)Wa—i N (21, .- 2N W, . wv—1 |2, ., ZN).
g=1

(5) The following holds for the case N =1, x1 = M

1
Wari(zlwi, ..., wp|M) = (a® —a™?)(—a*2* + a=*27%) Z 5 _Q,F(baz_lz_’r — b ta2")
T==*1 < <
M M—1
X H(az‘T —a12Tw;) H (az""w; —a 127).

J=1 j=1



Korepin’s lemma,

The wavefunctions Wy n(21, ..., 2N|wi, ..., war|®, ..., xN) Satisfies the

following properties.

(1) When xn = M, the wavefunctions Wy n(21, ..., 2n w1, ..., w21, ..., 2N) @S a polyno-
mial of degree 2N — 1 1n wyy.
(2) The wavefunctions War n(z1, ..., 2N|wi, ..., war|x1, ..., xN) is symmetric with respect to
21y.-+, 2N, L€,
Warn(z1, .o en|wi, ., war|er, . aN) = WM,N(Za(l)a e ,ZU(N)|UJ1, WA, N ),
for o € Sy.
(3) The wavefunctions Wyr N(21. ..., 2N | W1, ..., WAr|2Z1, ..., 2N) with z; replaced by 2z~ is
connected with the original one by

Wan (2, enfwn, o wnlen, N 2272 - 222

WM’N(Zl, oy AN |wr, o war|a, . 2N a,222.2 — a,—in_Q

Sklyanin
Algebraic Bethe ansatz for reflecting boundary conditions

follows from commutativity of the B-operators for double-row monodromy matrices
compare with the approach presented in Chenyang Zhong’s talk



Korepin’s lemma,

The wavefunctions Wy n(21, ..., 2N|wi, ..., war|®, ..., xN) Satisfies the
following properties.

(1) When xn = M, the wavefunctions Wy n(21, ..., 2n w1, ..., w21, ..., 2N) @S a polyno-
mial of degree 2N — 1 1n wyy.

(2) The wavefunctions Warn(z1, ..., 2N wi, ..., war|@1, ..., xN) is symmetric with respect to
21y.-+, 2N, L€,

Warn(z1, .o en|wi, ., war|er, . aN) = WM,N(Za(l)a e ,ZU(N)|UJ1, WA, N ),

for o € Sy.

(3) The wavefunctions Wyr n(21,...,2n|wi, ..., war|ze, ..., xn) with z; replaced by zi_l is
connected with the original one by

Wan (2, enfwn, o wnlen, N 2272 - 222
-2 3

7
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see also T'suchiya, Kuperberg, Ivanov



Korepin’s lemma,

(4)

.

(5) The following holds for the case N =1, x1 = M
1
Wari(zlwy,. ... wy|M) = (a® — a”?)(—a?2? + a= 2272 ba='27T — b lazT
A (2w MIM) = ( )(—= + )T;:El zQT—z—QT( a 'z az")
M M-1
X H(az T—aw;)) H (az""w; —a 127).
j=1 j=1

The following recursive relations between the wavefunctions hold if xn = M
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If xn #= M, the following factorizations hold for the wavefunctions
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Korepin’s lemma,

(4) The following recursive relations between the wavefunctions hold if xy = M

WM,N(Z1;-~;ZN|101;---;wM|=’131a»-- EN) |y = =a?z3,
N-1
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j=1
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If xn #= M, the following factorizations hold for the wavefunctions

WA{:N(Zl,...,ZN|UJ1,...,IUA,{|-CU1,..-,mN)

.

1 1 1.1
az;  —a zjwnr)(az; — a Z wA)Wa—i N (21, .- 2N W, . wv—1 |2, ., ZN).
g=1

(5) The following holds for the case N =1, x1 = M

Whari(zlwy, ..., wy | M) = (a2 —a ) (—=a?2? +a"2272) Z 2 12_2T(ba_1z_T — b7 taz")
T==%1
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off-shell Bethe wavefunctions for open XX7 chain



coordinate Bethe ansatz wavetunctions
for open XXZ7 chain
Alcaraz-Barber-Batchelor-Baxter-Quispel

N q-r 1
E EPA K1, Cee s Kf\;)ezh‘:l g

7=1 1<j<k<N
5(}(!) :(1 n (pl . A)e—iK) 2,(7\[Jr1)f(j
i k) =s(=

Sklyanin
Algebraic Bethe ansatz for reflecting boundary conditions
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where the sum means that we take sum over all permutations and negations of Ky, ..., Ky,

and ep changes sign at each such “mutation”. Relabelling the momentums and positions of
down spins as K} = Kyy1—j. 2 = M +1—ay41-5 (j=1,...,N)

N
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see Annales de I'Institut Henri Poincaré D, 7 (2020), 165 for details



The Izergin-Korepin method can also be applied to free-fermionic models
under reflecting boundary and with inhomogeneous parameters
Ivanov, Brubaker-Bump-Chinta-Gunnells, see also Hamel-King

factorial versions of

symplectic Schur functions

Bump-Friedberg-Hoffstein Whittaker functions
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factorial versions of
symplectic Schur functions
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L factorial versions of

a1 =) Bump-Friedberg-Hoffstein Whittaker functions
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Fig. 5. The type Il K-matrix (3.5).



evaluate the domain wall boundary partition functions in two ways
e factorized expression
e cut the domain wall boundary partition functions in the middle

dual Cauchy formulas

idea presented in Brubaker’s talk
Brubaker-Bump-Friedberg, Bump-McNamara-Nakasuji

view as functions in ¢
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using the notion of elliptic polynomials (Felder-Schorr, Rubtsov-Pakuliak-Silantyev).
can also deal with the elliptic models by Izergin-Korepin method
see also Felder-Varchenko, Rosengren, Borodin by other approaches
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elliptic higher rank models

elliptic Foda-Manabe partition functions
lspecial cases
elliptic nested Bethe wavefunctions
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