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Macdonald's characteristic map & the BF correspondence
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functions of Sn

HE1N NE1N algebra

ch ① F Frobenius
Macdonald's map
characteristic v

Map

tgym = ⑦ gymn
← degree
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Distinguished bases : ring of symmetric fetus

① Rh : irreducible characters ✗
"
( Specht module )

,

11th

② 2- ( ¢5m ) :

sums over conjugacy classes 4=-2
cycle typed

"

③ Sym
"
:(a) power sums

{ Pi
: Ath }
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§ 1
.
Macdonald's characteristic map & the BF correspondence

R = ⑦ R
" ~

> 2- = + 2- (Clsn )
HE1N HE1N

power sums

tTcµ)=Pm
Zµ

ch ( ✗d) = si v

Schur function '

gym = ④ Sym
"

HE1N

THI (Macdonald ) The above diagram of vector space
isomorphisms commutes

.

irred character zinverse ~ power sum

CER (Frobenius formula ) s
,
= I ✗i 'M '
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§ 1. Macdonald's characteristic map & the BF correspondence

R = ⑦ R
" ~

> 2- = + 2- (Clsn )
HE1N HE1N

ch f Frobenius
Macdonald's map
characteristic v

map '

Sym -_ ⑦ Sym
"

Hopf algebra structure : NE1N

c"µv = LR coefficients
Ind

smtn

Smxsn
: RM0R

"
→ Rmtn

si
- sµ=EcIµ Sv

Res
SN

: RN→ ⑦ Rm R
"

45 ,
= I sµµ☒SµSmxsn

m+n=N

mth - N µcd

S ,yµ
= I c^µv So



§ 1
.
Macdonald's characteristic map & the BF correspondence

R
~

> z

ch
f

✓ = ④ ¢vj . charge
"

s

JE2 \ v

BF '

fermionic took space 11£" V > Sym
'

Bosonic took space
'

e. g. [ Kae ,
Raina ] ① ① Heisenberg algebra

Clifford algebra I
4 4¥ Pr , rap,
j , j

Em The BF correspondence is an Heisenberg algebra module isomorphism

Ir =Éz4j4jÉ ↳ pr ,
IF = -2 4j+r4j*i→ra£

JEZ



The fermionic Fock space
the span of

Identify elements in A
"
V as Kalf - ) infinite wedge products

✓ = Vi
,

^ Viz ^ Vi, ^ .. .
with ii. = c- K for K K-I

Define a Maya diagram 6 : 2 → 22 via • (g) ={
1

, f- ctltdi
- i

hic die 0
,
else

partition of charge c

distinguished basis :

.

.

. distinguished basis : power sums

Maya diagrams

"

"

Pr
= ¥

,

✗I
6 : 2 → {0,1}

4,4ft 4,74. = Sij
'

F→z Heisenberg algebra

Clifford algebra . .. • • •• • É
" •É I

"

• o o o . . .

←power sums / KPlime parameters
'

HIP]
> = s
, [ ✗ I , Hip] = % F- In ,

Ii -2 4. Yi+*r6,1
, e
t ( 6,1

,
c ,

@ 601C IE2

Boson - Fermion correspondence



SUMMARY

• The character table of symmetric groups yields
the change of basis pµ → sh ,

d
, /utn

• Si is a basis distinguished by positivity

cÑµEZ> •→ intersection cohomology H*(Gran )

Q
.
How does one compute X, Hel ?

A . Murnaghan - Nakayama rule
( combinatorial algorithm using ribbons/ rim hooks )



THE MURNAGHAN - NAKAYAMA RULE

r=Nµ ""

htcr ) - I

✗ ✗
IN = -2-111-11

T JET

sum over all rim hook tableaux

of shaped and weight µ .

⑥ • • • • • • 0 • • 0 0 • 0 • O O O O O O fl
l l r - Kyu

⑥ • • • • • • 0 0 • 0 0 • • • O O O O O O A
7

'

special
/

configurations
£ " o it "o i ÉHI HE

° to " ° É '

of the asymmetric0+0 I# I 0/+0 '# 1 I# o o

"

# I

6- vertex model : only one pair
O l l O l O

o

1- -✗ 1 ✗ 1 ✗ Of É
. -1L ,

to

# .

allowed !

0 I



§2 .
The quantum characteristic map

Reminder : the Iwahori - Hecke algebra of type A

DEF Hn = Hnlt ) is the Ict ) -algebra with generators? ,i=1 , . . .in-1

and relations

Ti
>

+ ( I- t)Ti - t - 0
,
I. Titi? -Title. Titi

, TiTj=TjTi Ii- jl > 1

Grothendieck R = ④ R
" ~

> 2- = + 2- ( Hn ) centre of Hnlt )
ring of Hecke

t
HE1N

t
NE1N

algebras quantum
cht F Frobenius [Wan - Wang ]

quantum t
map

characteristic v

map n'

Sym ⑤ Symt = sym"gait )
HE1N

ring of symmetric fetus



Plethystic variable substitution
THM [Wan -Wang ] (inverse )

'

quantum Frobenius formula
'

eye )

si [ ✗ I
= I ✗

✗

+
( Twµ / It - 1) mµ[¥17

A monomial

j f t symmetric
Schur function irreducible Twµ=Ti , - - ' Tie function in
in alphabet ✗ Hecke character where wµ=si,

- . . sie alphabet ✗
"th

reduced and of cycle
t-

type µ
Pr -1¥ ] - Pr -1×3/(1-11)

Equivalently ,

s, [ It
- 1) ✗ I = £ ✗¥ ( Twa ) ( t- 1)

"""

mµ[✗ I

[
'
dual

' Schur function w.r.t.LT?,Qu7=&yu
HL - functions



A Hecke version of theBF correspondence

Fermionic took space : AE.cl/t--AE'cVqClt )
'

free
'
six- vertex transfer matrix

PROPCCK ) 6,1.cl > toxic , ¥ ,

A(Xiit ) 6¢ ,

c) = 5×[4-1111]

Maya diagram ± spin configuration

f6v - transfer matrix A(×; f) = @
Http]

, I
- - - 6-2 6-

,
Go 6

, 62 . . - O O

( o
'

,
ACHO> = -2 ..it#Ft" "

Http]=Éo"÷"pr ¥2,44Ei I '
. . . ¢2 &, Go

'

6
,

"

G
'

. . .
0 0

£ H o H I ÉH I HH0
° H0H ° OH I

0+0 I# I 0/-0 'f- 1 I# o o"# 1 six vertex configurations

0 1 i o i o
& Boltzmann weights

1 -✗ 1 tx 1 It- 1) X

T T

Rmk These are different from the weights for Takayama ice [Brubaker-Bump- Friedberg]
and different boundary conditions



Broken rim hooks & asymmetric ice configurations

wt ( Nye ) = ( t - 1)
#"""t - I

-11 f ,yht(
t )-1 widthcr) - l

t
rim hooks
r

htcr ' )=4

width ( r't -_ 2 htcr)=z width(r) =3

wt(the )=

fixed boundary
]# / /✗ / f conditions

, . . . . . . . . . .
. .. . . . .

"" " " "
" ""

I (-1-1) - l t -I -1 I 1 I 1 (t- 1) t - l t I 1 I 1 I -

i.it#-iIii:0+0 # I # # I # • •

"

thi
O l l O l o

- - .

1 -✗ 1 tx 1 It- 1) ✗ • •



Broken rim hook tableaux and Hecke characters

IE [ Ram ]

Hecke characters are given
as weighted sums over broken

rim hook tableaux
.

✗I ( Tup ) = § wt (J )

wt ( J ) = IT wt ( d
'"
/Hit" )

i

wµ representative

of conjugacy class fixed by µ

2 2

touchy ¥°P The ° ' """ ""•
configurations are in bijection
with broken rim hook tableaux.



§3 .

Vertex operators & transfer matrices

DE_F( JING ) Define the following ( bosonic) vertex operators §±(✗it ) : Symt > Symt

I - th

e.
Eft

'-11¥. ×
"

e.
E.oh

- E)¥. ×
"

OIIx.it/=eEo-Pr
×
"

,
§t( ×;t , = @

Éot¥ Pr ✗
'

THM_ ( JING ) OIIX ; t ) = I ☒[ ✗ t
, OII

,

- . . ☒ je 1 = Qi Hall - Littlewood function
TE21

Six - vertex construction

TIM (CK ) Let it : 11£
' 'Ve → Symt be the t - extension of the BF - correspondence , then

it ° A"( ✗ I A*( ✗ I = É( ✗it) ° It and zto ACX ) (A-
'
(✗ 1)

*
= ☒

+
( ✗it ) 02£

where A-
'
( ✗ it ) = Altx ;E

" ) is the six - vertex transfer matrix with weights
'

fermionic' construction of
- boson construction :

E " ° HI i ÉH ' HE
° "° " ° É '

of Half
-Littlewood [Tsileh.ch ' 06]

0+0 I# # '# ' '# ° °¥ '

functions C.K. CMP318120137173
0 1 I 0 I 0

1 -tx 1 ✗ 1 (I-th

f p
LLTpolynomials [Brubaker,Buciumas ,Bump , Gustafsson]



AE.hr act) → A ¢7T)=§ Nett )§ 4.Periodic boundary conditions
a wedge

" °

finite wedge

Denote by Text the six - vertex transfer matrix with¥:¥¥:¥÷←÷:E÷:o:
quasi

- pe←Ediryconditions and twist parameter of

1¥ n

1- ( ✗ I = I ✗
'

Tr
, I

: ① qd AC1Yt) → 10-9%114%1
i : : ; ; ;

t=o DE2 DE2

0SL ftp.#iiTP!I-Vi , ^ Vi, ^ " - ^ Vin , ij positions of H - atoms •
h- l h 1 2 3 45

⑨€.¥ÉÉÉEq¥¥¥:¥¥€*¥←¥¥:¥&::
⑨ ⑨

h - l h 1 2 3 45 h - l
ha 1 2 3 45

(
H - atom between site n and site 1

results in factor q !



§ 4
.

Periodic boundary conditions ✗E.KV C1H) → A ¢4T)=ÉÑcTt )
co wedge

" °

finite wedge

¥:¥¥;¥¥¥É£É;¢;É Denote by Text the six - vertex transfer matrix with

a. quasi
- pe±Ediryconditions and twist parameter of

14 n

1- ( ✗ I = I ✗
'

Tr
, I

: ① qd A (t) → ②
dez

9-%AÉYt)
: : : ; ; ;

t - o DE2

P¥€%§P I→ Vi
,

^ Vi
,
^ " - ^ Vin , ij positions of H - atoms •

h- l h 1 2 3 45

Belek : Text is diagonaeizabee with eigenvalues
Bethe roots

K I - Yi ✗
c- (x ) = ( It C- 1)

"

of ✗
" th ) IT -

i=I I - tyix
, Yi

"
= C- 1)
"

q

Define a
'

renormaeised
'

transfer matrix H(✗ ) : ④ qd Nett) →¥2,9T Atilt)
DEZ

H ( ✗ I =T
I + c- 1)

"qxntn
= I ✗ ' Hn

t 70



Cylindric Hecke characters
[

renormaeised 6-vertex transfer matrix

I
D±F qd ✗

""""
(v ) (t- 1)

e
= < Vi , Hu,

" ' Hue vµ > , H(✗ ) = -2 ✗
'

Hn
t

r zo

D=
'""[

LEIA ( cylindric Murnaghan- Nakayama rule )

( i ) ✗¥1M C . . .

,
with , . . . ) = C- 1)

""

t
"

✗
" ' d- ' "" C

. . . ,vi , . . . )t

p/ the
cii) ✗

'f'"" (v, r ) = I ✗
"

f"P(v ) ✗[
""
(r ) + § ✗ I'd

- ' '%) X
, er ,

The rules (i )
,
Cii ) allow one to compute ✗

"d"" cylindric part
t .

trim hook
P" 'M"

n , ↳
,
µ = , go, ,µµ , ,

, } , = g. , ,←
,

,÷
,

t

T.tt Boltzmann weight (t- 1) C- 1) t



The o_O algebra of cylindric Hecke characters

Main-heorem- (GK ) The cylindric Hecke characters ✗
"d'
+

with dc☐ he

,
d > o

h - K

span an a-Eesub.co algebra of Rt ( Grothendieck ring ) with

Reg
Hmitm"

✗
ND10

= [ I CK ,d-d
'

-d
"

✗
Mid

'
/0 Hd

"
/0

Hm'☒ Hm"
t

d.
'

+ dugd µ
1- m

' MV t
☒ ✗
t

V 1-m"

where %;D C- Z
> •

are the 3- point genus 0 Gromov-Witten invariants

of the Grassmannian Gr CC1
"

)
.K

✗
,
0

For d=o one recovers H*CGrk(Q" ) ) as coalgebra with Cµ, = fun being the
Littlewood -Richardson coefficients . ( intersection cohomology )



Q .
What is the image of cylindric Hecke characters

under Macdonald's characteristic map ?

Grothendieck D= ⑦ R
" ~

> 2- = + 2- ( Hn ) centre of Hnlt )
ring of Hecke

t
HE1N

t
NE1N

algebras quantum
cht F Frobenius [Wan - Wang ]

quantum t
map

characteristic v

map n'

Sym ⑤ Symt = sym"gait )
HE1N

ring of symmetric fetus

quantum cohomology U
of Grassmann ians

qH*(Grace
"

) )
turn subcoaegebra of

cylindric Schur functions
( depend on KE n )



C.K. and D. Palazzo, Algebraic Combinatorics 3 (2020) 191-247

Combinatorial definition of cylindric Schur functions
[ Gessel- KrakenThaler

,
Postnikov

,
Lam

,
McNamara

. . .

] [D.Palazzo
,
C. K

.

I

↳ positive .coalgebra

cylindric tableau

y,

" """ ""

\ ✗ [1] ✗ [1]

D-
" i> a2 2 5too• a.n.pe , ft?⃝ §

4
•

(k
,
n - K )

" Z

' boxed
' partition

4

✗ Z

⇐
integer

DE_F Said ,
= § ✗

T

,

T cylindric tableau of shape ✗ Ed]

TH1 (C.K. >
D.Palazzo ) Cylindric Schur functions form a positive subcoaegebracsym



Rim hook algorithm & virtual Hecke characters

BF correspondence

11£ 'kV ☒ Ect ) → Symt -_ Sym ☒①(t)e-

IT
' ¥ ① IT { rim hook algorithm [Bertram ,Ciocan

-Fontaine
,
Fulton ]

⑦ qd④Ak①It) → ① (t)[ of ,e, , . . . , er , hi , . . . .hn.at/~.&.c-xiei)(Exihj)=I+qtiiexnj--odzoSatake

correspondence

[Ginzburg] [Golyshev, Manuel]

Define a projection T
'
: A '

"

V → 11k¢" such that the above diagram
commutes

.

LEMMA_ HCX) ° IT
'
= IT

'

o A- ( ✗ I

⑨ ⑨ 0 ⑨ 0 ⑨ ⑨ O O O o o o periodic open

. . .
÷ ✓ ✓ ✓ . . .

0 I 2 h htl 2h 2h 1- I

①

iµf EE" ✗
""0=-2 """" ×:o o o o t

•

µ•=d⑨ O O O n- core↳
• o o o

where { (µ/d) = (
- 1)
kdt ? widthcpi)Go

• o • 5
⑨ ⑨ ⑨ ⑨ removed h tim hook

⑨ ⑨ ⑨ ⑨



A cylindric (ae ) Boson - Fermion correspondence

Rt-ERI-Z-t-mq.ZCHn.lt)) centres of
Hecke algebras

µ s / E- Frobenius map
+

r

BF correspondence

11£" ✓ ☒ Ect ) → At = ✗ ☒
¢
Ect )

✗Kett) ④ ① [ of ] → qH*( Grp.ca" ) ) ☒ ① It )
, qH*(Grp.CC/ht)=CE9-,e,,...,ek,hi,...,hn-kHuc=kmoanf"" ""

,"[[
* ⇒ ( [ µ ,i, )( Erin;) = """"

Satake

correspondence

i=o j=o

[C.K.
.
Stropped]

cylindric boson - fermion correspondence cylindric
4 = vi.+K- I ^ ' ' ' ^ that> < Vi , H(✗1)H(✗2) " ' V0 > = I g-

d

si,d , [ (t
- 1) ✗ ] Schur functions

D70

= I qd § ✗
"d '

(a) (t - 1)
""

ma [ ✗ ]t
D70

cylindric Hecke characters



Use bra - Ket notation : (d l 01M> = (4,04)

eco)te(B)

qd ✗I
'd'

( a ,p ) (t
- 1) = < ✗ 1 Ha Hp I 0 >

= £ < ✗ I H
, IM > <yet HP10 >i.EE#Ei::::::=qd(tyyeWt&B)-d-z✗[ Id

-d' 'M
(a) ✗field" ( p )HaeI skew cylindric Hecke character

Use the Bethe ansatt ( eigenbasis of H
,
I/ / / / Hrs. and Bertram- Vafa - Intneigator formula for C
"'d

Mr
d"

!
: : : : to show that ✗

'"d""
= I -2 Cid

-d
'

✗
"d

'/0

t
d1=o v

HV t



Proof ( sketch )

qd ✗I
'd'

( a ,p ) (t
- I )"

"""£ < ✗ I H
, Hp 10 > = £ < ✗ I H

, IM > <yet HP10 >

d

= qd ( f- 1)
""+ "B)

-2 [ ✗
Nd-d

' /µ

d'=o µ
t

(4) ✗
£

"""
( p )

Employing eigenbasis of the Hr ( Bethe ansate )

qd ✗ I'd"" (a) It- 1)
""

= § < it H , I }> < 31M > ,
} ? = C- 1)

"

g-
Bethe vectors Bethe roots

Bethe formula for= I hit-11 } ] E.ci?,s;.?j?-.z} cylindric Hecke characters

= § ( I
sit 51%(5-1)

I →

= S3T
, ftp.zsvc

}
"

) ) § ha [It-11 } ] s÷
hk ¥.

I }i- }j I
-2

Yi
-

g-
d
'

✗
Uld'/

9- our t
(A)

[Bertram-vafa-T-ntn.ligator]
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