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@ Stochastic symplectic ice

© The Yang-Baxter equations & functional equations for the partition
function

© Colored stochastic symplectic ice

@ The Yang-Baxter equations & recursive relations for the partition
function
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Motivation

Symplectic ice’ (Cartan type C): vertex model with U-turn boundary,
partition function representing the product of a deformation of Weyl's

denominator and an irreducible character of the symplectic group
5p(2n,C)

Stochastic six-vertex model? (Cartan type A): vertex model with stochastic
weights, probabilistically interpreted as an interacting particle system

Question: Is there a stochastic vertex model that is related to other
Cartan types and allows probabilistic interpretation?

In this work, we present a stochastic vertex model with U-turn boundary,
with connections to Cartan type C
Paper: Stochastic symplectic ice, arxiv:2102.00660

'Dmitriy Ivanov. “Symplectic ice”. In: Multiple Dirichlet series, L-functions and
automorphic forms. Springer, 2012, pp. 205-222.

2Alexei Borodin, Ivan Corwin, Vadim Gorin, et al. “Stochastic six-vertex model”. In:
Duke Mathematical Journal 165.3 (2016), pp. 563—-624.
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The model: rectangular lattice

@ Rectangular grid with 2n rows and L columns

@ Columns are numbered from right to left, and rows are numbered
from bottom to top

@ Every edge carries a "+ or “—" spin

@ Two types of vertices called stochastic I ice (even-numbered rows)

and stochastic A ice (odd-numbered rows). The Boltzmann weights
for them depend on a parameter called the “spectral parameter”

@ The ith row of stochastic I and A ice: connected by a “cap” on the
right, both with spectral parameter z;
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The model: rectangular lattice
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The model: boundary data

Boundary set-up depends on
@ A partition ()\1,)\2, s ,)\N) with Ay > Ao > -+ > Ay

Boundary set-up:
e Top: “4" spin
@ Bottom: the column labeled \; + N + 1 — i is assigned the “—" spin,
and the rest columns are assigned the “4" spin

o Left: every row of stochastic I ice is assigned the “—" spin, and every
row of stochastic A ice is assigned the “+" spin
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The model: boundary data

Model configuration when n =2, A = (2,1),L = 4:

column 4 3 2 1

row 1

+ o+ o+ o+
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A Z2 >
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Boltzmann weights for stochastic I ice

@ Input: left & top edges

@ OQutput: right & bottom edges

e Weights are stochastic (moving rightward): a1 =ax =1, by + . =1,
by+c=1

© | | o | ® | o

1 1 z; qz; 1— gz 1—2z
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Boltzmann weights for stochastic A ice

@ Input: right & top edges

@ Output: left & bottom edges

e Weights are stochastic (moving leftward): a3 =ax =1, by + d1 =1,
by +dr=1

0o zl=q+1- le

@ Choice of the dependence of z/ on z;: to ensure integrability (so that
the “caduceus relation” holds)

by dy
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Boltzmann weights for caps

Two choices of cap weights, both stochastic (moving downward)

o Reflecting: corresponding partition function denoted by Z(Sp 1 x.7)

L 22

Boltzmann weight 1 1

@ Absorbing-and-emitting: corresponding partition function denoted by

Z(TaLz)
>
Cap - +
Boltzmann weight 1 1
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Path interpretation

@ Admissible states of the model can be equivalently interpreted as
collection of paths (consisting of “—" spins)

@ The paths move rightward /downward on stochastic I ice, and move
leftward /downward on stochastic A ice

Chenyang Zhong (Stanford University) Stochastic symplectic ice: a stochastic vertex February 24, 2021 12/145



Path interpretation: reflecting case

Reflecting case: when a path meets the cap, it bends to the left

column 4 3 2 1

I _ o o pp)
4_

T >
PRI IS SR GO

I =
L I U GRS (R I
row1-|—A S S B S

-+ -+
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Path interpretation: absorbing-and-emitting case

Absorbing-and-emitting case: when a path meets the cap, it is absorbed; if
no path meets the cap in a row of stochastic I ice, a new path enters from

the cap in the row just below it

+ + o+
r _ _ _ 2 _
4_
e >
3+A + |+ 4 |2y
SO N
SR I U GRS (R B
- R
TS NS A N
- o+ - o+
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Stochastic dynamics

When the condition
{0 1 1<z < '{ll}f e {1,2 }
max{0, ——} < z; < min{—, 1}, for every i , 2,50+ ,n
g+17 =" q Y
is satisfied, all weights involved are non-negative.

The model can be probabilistically interpreted as stochastic dynamics
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row 1

Chenyang Zhong (Stanford University)

IcS

_ r Z2
A 22

+

B I 4]
A z

" 1

Stochastic symplectic ice: a stochastic vertex




Stochastic dynam

row 1
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Stochastic dynam

row 1
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Stochastic dynam

row 1
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Stochastic dynam

row 1
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Stochastic dynamics

r . _ _ Z
4_
A+ - + +22_>
3 +
r z
2 — 1>
row1+A a1
— + — +
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Stochastic dynamics

r . _ _ Z
4_
N )
342 + L2 o
r -z
2 — 1>
row1+A a1
- 4+ -+
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Stochastic dynam

row 1
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Stochastic dynam

row 1
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Stochastic dynam

row 1
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Stochastic dynamics

r - _ _ Z>
4 —
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Stochastic dynamics
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4 —
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Stochastic dynamics

r - _ _ Z>
4 —
T >
PRI S U I DRI
SR A
L I U GRS (R I
V4
rowljLA = LS
- 4+ - o+
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Stochastic dynamics

r - _ _ Z>
4_
T >
PRI S G R DRI
SR A
L I U GRS (R I
rowljLA S S
- 4+ - o+
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Stochastic dynamics

r - _ _ Z>
4_
T >
PRI S G R DRI
SR A
L I U GRS (R I
row1+A + + = 24
- 4+ - o+
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Interacting particle system

e t=0,1,---,2n

e View "—" spins between the (2n — t)th row and the (2n — t + 1)th
row as particles at time t

@ Particles enter from the left

@ Particles jump to the right on each row of stochastic I ice, and jump
to the left on each row of stochastic A ice
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Interacting particle system: the reflecting case

For the reflecting case, when a particle hits the right boundary, it is
reflected

boundary
4 3 2 1 wpositong 3 2 1 0
+ 4+ + + o -
T 1T T e i L U o1y 1<
4- S R e o |
s+ Al T2 o ;
e e
R (R IV S R 1
AT AT R I
1+ A -+ -+ = zl—l— I I I I 3 :
- e \___J___J.___L_____4 :
-+ - + Y
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Interacting particle system: the reflecting case

For the reflecting case, when a particle hits the right boundary, it is
reflected

boundary
4 3 2 1 positiong 3 2 1 0
+ 4+ 4+ S -
T 1T T e i L U o1y 1<
4- S R e o |
SNV i - 07 S S B
e e
JYUL I (S (VR I R 1
AT AT R I
1+ A + + — Zl—l— I I I I 3 :
S _—— L - - \___J___J.___L_____4 :
- 4+ - o+ v
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Interacting particle system: the reflecting case

For the reflecting case, when a particle hits the right boundary, it is
reflected

boundary
4 3 2 1 wpositong 3 2 1 0
+ 4+ + + o -
T 1T T e i L U o1y 1<
4- S R e o |
- ++++—}«——Q 1
s+ Al T2 T ;
e e
R (R IV S R 1
AT AT R I
1+ A -+ -+ = Zl—l— I I I I 3 :
- e \___J___J.___L_____4 :
-+ - + Y
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Interacting particle system: the reflecting case

For the reflecting case, when a particle hits the right boundary, it is
reflected

boundary
4 3 2 1 wpositong 3 2 1 0
+ + + 4+ o -
T T T lm--d---4---k----- 0 i time
4- S R e o |
s+ Al T2 R A I
S L R
S i i i S B 1
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Interacting particle system: the reflecting case

For the reflecting case, when a particle hits the right boundary, it is
reflected

boundary
4 3 2 1 wpositiong 3 2 1 Q0
+ + o+ 4+ S -
T 1T T e i L U o1y 1<
4- S R e o |
C YL S RN ERD (N R A I
e @2
SYRULIN VR VR I R D 1
T BT e e S R R T
1+ A —+ —+ — Zl—l— | | | | 3 :
I e \___J___J.___L_____4 :
- + - 4 <
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Interacting particle system: the reflecting case

For the reflecting case, when a particle hits the right boundary, it is
reflected

boundary
4 3 2 1 wpositong 3 2 1 0
+ + + 4+ o -
T T T lm--d---4---k----- 0 i time
4- S R e o |
s+ Al T2 R A I
S L R
S i i i S B 1
DG naah il EE] SEEER PRt SEERTTIRRE ERE N I
RIS VR VR I I . L . ’ |
S _—— L - - \___J___J.___L_____4 :
-+ - + v
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Interacting particle system: the reflecting case

For the reflecting case, when a particle hits the right boundary, it is
reflected

boundary
4 3 2 1 wpositong 3 2 1 0
+ + + 4+ o -
T T T lm--d---4---k----- 0 i time
4- S R e o |
s+ Al T2 R A I
S L R
S i i i S B 1
st t-tmc et @3
RIS VR VR I I . L ’ |
S _—— L - - \___J___J.___L_____4 :
-+ - + v
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Interacting particle system: the reflecting case

For the reflecting case, when a particle hits the right boundary, it is
reflected

boundary
4 3 2 1 wpositong 3 2 1 0
+ + + 4+ o -
T T T lm--d---4---k----- 0 i time
4- S R e o |
s+ Al T2 R A I
S L R
S s i i R B R S 1
RIS VR VR I I . L . ’ |
SN EUER RN SN R i @--t-—— g
-+ - + ¢ ¢ v
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Interacting particle system: the absorbing-and-emitting
case
For the absorbing-and-emitting case, when a particle hits the right

boundary, it is absorbed; if no particle hits the right boundary, a new
particle is emitted from the right boundary

boundary
4 3 2 1 posiong 3 2 1 0
+ + + + C »
TUTTTTTTCT T s--d---tooobo--o- 0 time
4- S R e o |
s AOET SEI SESER SRR S Lt CEBEEEE o T
e AT T T [2y o ‘
e e e R R et I I
QLI S Il (SR 1
- '+'"—"+"4—"}'"l""l"'%'"l""" |
RIS I i i A ’
- e \___J___J.___L_____4 |
- - y
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Interacting particle system: the absorbing-and-emitting
case
For the absorbing-and-emitting case, when a particle hits the right

boundary, it is absorbed; if no particle hits the right boundary, a new
particle is emitted from the right boundary

boundary
4 3 2 1 posiong 3 2 1 0
+ + + + C »
TUTTTTTTCT T s--d---tooobo--o- 0 time
4- S R e o |
s AOET SEI SESER SRR S LI CERLEEEE S
e AT T T [2y o oL
e e e R R et I I
QLI S Il (SR 1
- '+'"—"+"4—"}'"l""l"'%'"l""" |
RIS I i i A ’
- e \___J___J.___L_____4 |
- - y
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Interacting particle system: the absorbing-and-emitting
case
For the absorbing-and-emitting case, when a particle hits the right

boundary, it is absorbed; if no particle hits the right boundary, a new
particle is emitted from the right boundary

boundary
4 3 2 1 positong 3 2 1 0
+ 4+ + + o -
T T T lm--d---4---k----- 0 i time
4- S R e o |
G il el (b SYTEE SEEE ---a---r---r----- 1 |
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S L S R S
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-+ - + v
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Interacting particle system: the absorbing-and-emitting
case
For the absorbing-and-emitting case, when a particle hits the right

boundary, it is absorbed; if no particle hits the right boundary, a new
particle is emitted from the right boundary

boundary
4 3 2 1 positong 3 2 1 0
+ 4+ + + o -
T T T lm--d---4---k----- 0 i time
4- S R e o |
G il el (b SYTEE SEEE ---a---r---r----- 1 |
s Alela 2./ ;
S L S R S
LI N VA D R 1
-- +—++}<—0 |
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Interacting particle system: the absorbing-and-emitting
case
For the absorbing-and-emitting case, when a particle hits the right

boundary, it is absorbed; if no particle hits the right boundary, a new
particle is emitted from the right boundary

boundary
4 3 2 1 positong 3 2 1 0
+ + + 4+ o -
T 1T T mocd-oot---k----- 0 time
4- T o |
s+ Al e T2/ ;
S L S R S
S YL I (S R R R T 1
-- +—++} e
I Y0 AN VR R i | ‘ L
,,,,,,,, - — = e — = d - ,,,L,,,,,4 |
-+ - + ¢ ¢ v
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The Yang-Baxter equations

@ Stochastic I and A ice satisfy four sets of Yang-Baxter equations

@ The corresponding R-matrices are called stochastic ' — T, I — A,
A—-T,A—-Aice

@ R-matrix depends on two spectral parameters z; and z;
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The Yang-Baxter equations

X,Y e{l,A}
S: stochastic X ice with spectral parameter z;

T: stochastic Y ice with spectral parameter z;

R: stochastic X — Y ice with spectral parameters z;, z;

© ©
ONIFOS S ONOR OO
W = ® R
& O+ @07 ©
0 (0
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Boltzmann weights for R-matrices

Stochastic I' — I ice with spectral parameters z; and z;

ey

NS

ey

@, O

e

NS

z, Zj z, Zj z,,zj z,,zj z, W2 z, \Zj
1 1 zi—2z q(zi—z)) (1-gz))(1-z) (1-z)(1-qz)

1—(q+1)z+qziz;

1-(g+1)z+qziz;

1-(q+1)z+qziz;

1—(q+1)zj+qziz

Stochastic ' — A ice with spectral parameters z; and z;

e

z,,zj

Sye

Rz z;

Sy

R 2,

&, 0

z,,zj

o, B

Rz z;

eye

Zj,Zj

q9zi+2z;—(1+q)

qzi+z/—(1+q)

(1-9z)(1-2))

=2)(@=2))

7
ziz/—1
il

aGZ-1)

7
ziz;—1
il

q(ziz 1)
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Boltzmann weights for R-matrices

Stochastic A — T ice with spectral parameters z; and z;

@, @

NS

S, @

@, O

o, @

NS

z, Z; z, z; z, zj z, zj z, \Zj z, z;
1 1 z{+azj—(q+1)z/z | g 'z]+z— (1+q*1)Z{Zj (1-z)(1-a) | (1= 9 'Z)(1-z)
1-Zz/z; 1-7/7 1-z/7z 1-z/7
i< ) " "

Stochastic A — A ice with spectral parameters z; and z;

. 1 =7 q(z/=z]) (1-z))(q—2)) (1-z))(a—2))
q—(q+1)z/+z/z] | q—(q+1)z/+z/z] | q—(q+1)z/+Z/z] | q—(q+1)z/+Z]Z
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Functional equations for the partition function

Using the Yang-Baxter equations, functional equations satisfied by the
partition function under two types of transformations can be derived

@ Permutation of z1,--- , z,

o Interchanging z; <+ z 1, 1 <i<n
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Functional equations for the partition function

Theorem (Z.,2021)

Let ., .
Di(n,L,z) = Hz,-" H(l —(g+ D)z +qzz7")
i=1 =1
and .,
Dy(n,L,z) = Hz,-L.
i=1

T Z(Sn,L2,z2) ] Z(To,L2z2)

Di(ni5) Dy(ni,y) are invariant under any permutation of
z1,- -+ ,2Zp and any interchange z; < z;_l.
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Functional equations for the partition function

The derivation is based on the Yang-Baxter equations and two additional
relations

@ Caduceus relation

@ Fish relation
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Caduceus relation

e A, B,C,D: stochasticT — I A—A, A—T,T —Aice
@ Spectral parameters: z; and z;
_ (q2iz=1)(1—(g+1)(zi+2)+(9*+g+1)zz)

° C(z1,2.9) = q(zi+2z—(q+1)zz;)?

€1
.
€3
€4 >
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Interchanging z; and z;,1

Attach the caduceus braid to the left

[ Zj+1
— - - -

A Zit1
+ -

I Zj
— - - -

A Zj
+ -- -
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Interchanging z; and z;,1

Attach the caduceus braid to the left

Zi+1

---

Zji+1

Zj

-- -

Chenyang Zhong (Stanford University) Stochastic symplectic ice: a stochastic vertex February 24, 2021 55 /145



Interchanging z; and z;,1

Move the braid to the right (in the order of C, A, B, D) using the four sets

of Yang-Baxter equations

_ o I_,Z,'+1

+ - A,ZH.l

_ o r,Z,'

I LAz >
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Interchanging z; and z;,1

Move the braid to the right (in the order of C, A, B, D) using the four sets
of Yang-Baxter equations

_ ez

+ r———4>ﬂ>
— Kr———4 [z

i LAz :'
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Interchanging z; and z;,1

Move the braid to the right (in the order of C, A, B, D) using the four sets

of Yang-Baxter equations

_ oz
I Lz
_ LAz
+ LAz
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Interchanging z; and z;,1

Move the braid to the right (in the order of C, A, B, D) using the four sets
of Yang-Baxter equations

I_,Z,'
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Interchanging z; and z;,1

By the caduceus relation, the previous partition function is equal to
C(zi+1, zi, q) times the following partition function

_ o r,Z,'

+ o A,Z,' >
_ o r,Z,‘_|_]_

+ o A,Zi+1
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Interchanging z, and Zl,
n

Observation: only “+4" spin can appear on the top boundary
Therefore, only the following three states are involved in the top row:

PP LS

D@ | 020 | O-2-®

© | ® | ©

1 qzn 1—qz,
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Interchanging z, and Zl,
n

We make the following changes

@ Interchange “+" and “—

spins in the top row

@ Change the Boltzmann weights of the top row to

@E?@ @Cz?@ @Cj{@ @Cz?@ @Cj@ @Cj@
® | o | © ® | ©
1 1 = = -1 & 1

Chenyang Zhong (Stanford University)

Stochastic symplectic ice: a stochastic vertex

February 24, 2021

62 /145



Interchanging z, and Zl,
n

We make the following changes

@ For the reflecting case, change the Boltzmann weights of the top cap

to
: Dol e
New cap - +

Boltzmann weight 1 1

@ For the absorbing-and-emitting case, change the Boltzmann weights

of the top cap to
-
New cap + -

Boltzmann weight 1 1
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Interchanging z, and Zl,
n

@ The Boltzmann weights for each vertex in the top row changes by the
factor é

@ The partition function changes by the factor (qzl )
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New R-matrix

Introduce the following R-matrix

b

ba

Cq1

C2

ay
ONPC)
© @

az
CNpS
@ O

1
OIS,

1

1

Zpz,—1

4@z 1)

_ z=1)(9=2z)

_(gz.=1)(1=2,)

@tz (g t1)

Gzt 2 (g 1)

927 Z,—(q+1)

9z 12, ~(q+1)
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New R-matrix: Yang-Baxter equation

@ S: vertex on the top row for the changed system
@ T: vertex on the second top row

@ R: new R-matrix

(&) @)
& O+ @07 @

February 24, 2021
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New R-matrix: fish relation

1—(q—|—1)z,,—i—qz,,z,’,_1
1—(q+1)zy ' +qzazy '

@ For the absorbing-and-emitting case, D(z,,q) =1

€1 €1
B o
€2 €2

e For the reflecting case, D(z,,q) = —
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Interchanging z, and Z—l,: reflecting case
n

V(a1, az, b1, bp, c1, ¢2, d1, d2): vertex with Boltzmann weights
ai, a, b17 b27 @, Co, d17 d2-

as

@}S?@ @(3@ @}(3@

0 | 0 | O
g g

7

O--® | &30 |O-2-® | @20

© | o | ©

Chenyang Zhong (Stanford University) Stochastic symplectic ice: a stochastic vertex February 24, 2021 68 / 145

“®|s

1
g

-@e|@-

@




Interchanging z, and Z—l,: reflecting case
n

Attach the new R-matrix to the left of the top two rows

v(L,1, L 0,0,+ —1,-L —1)

4 o ’Z’qZ’ Zn ’ qzp
& ,

+ -

V(l,l d 0,0,1— z 1——2)

’n7qn7 qn
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Interchanging z, and Z—l,: reflecting case
n

Attach the new R-matrix to the left of the top two rows

1 1 1
. " V(1,1, 5, 50,0, - = 1, = — 1)
---4
X :D’
+ ---
+ V(1,1,z ,g,q z/.0,0,1— 2, 1—52,,)
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Interchanging z, and Z—l,: reflecting case
n

Push the new R-matrix to the right using the Yang-Baxter equation

v(L,1, L 0,0,+ —1,-L —1)

4 o ’Z’qZ’ Zn ’ qzp
& ,

+ -

V(l,l d 0,0,1— z 1——2)

’n7qn7 qn
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Interchanging z, and Z—l,: reflecting case
n

Push the new R-matrix to the right using the Yang-Baxter equation

v(i,1, L 0,0, —1,.-—1)

b o ’z’qz’ ’qz
+_‘ ____‘:D,
V(1,1,2, 12 0,012 1~ 12)

n’qn’ qn
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Interchanging z, and Z—l,: reflecting case
n

Push the new R-matrix to the right using the Yang-Baxter equation

V(1, 1,zn,q z,,0,0,1— z, 1——zn)
+ ---
V(1,1 5, 50,0, - = 1, - — 1)
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Interchanging z, and Z—l,: reflecting case
n

By the fish relation, the previous partition function is equal to D(z,, q)
times the following

V(1,1,2, 0,0,1—2,1-1z)

Y n?q I77
+ ---
V(1,1 0,0, =1,z —1)

’z’qz’ ' qzn
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Interchanging z, and Z—l,: reflecting case
n

Interchange “+"” and “—" spins in the top row
Change the Boltzmann weights of the top row

Change the Boltzmann weights of the cap back to the original one

The partition function changes by a factor of (Zi,)L

V(1,1

0,0, — 1,0 —1)

azaqza ) qzn
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Interchanging z, and Z—l,: reflecting case
n

The total number of ¢, ¢, di, do patterns in the top tow rows is an odd
number

Hence the previous partition function is equal to —1 times the following

0,0)

z”

1 g q
V(1’17Z_’/172_r/171_z_r11

1 1
V(ll,z,qzn001 1_qzn)
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Interchanging z, and Z—l,: reflecting case
n

The total number of ¢, ¢, di, d> patterns in the top tow rows is an odd
number

Hence the previous partition function is equal to —1 times the following

[

=N~| L

>
:N\l =
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Signed color

e Introduce 2n colors [£n] = {n,--- ,1,1,--- , n}

o Every edge carries either a “+" spin or one of the 2n colors
@ View the “+" spin as color 0

@ Orderthe colorsby n < ---<1<0<1<---<n
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Hyperoctahedral group B,

@ Presentation of B,:
B, = (s, - ,s,,|s,-2 =1,1<i< n;(s,-s,-+1)3 =1,1<i<n-2

(sn-150)* =1 (sis)* = 1,1 <i<j<n,|i—j|>1).

@ B, is the Weyl group for type C, root system
@ An element o € B, can be viewed as the permutation of [+n] such
that o(i) = o (i)

Chenyang Zhong (Stanford University) Stochastic symplectic ice: a stochastic vertex February 24, 2021 80 /145



The colored model: rectangular lattice

@ Rectangular grid with 2n rows and L columns
@ Columns are numbered from right to left, and rows are numbered
from bottom to top

@ Two types of vertices: called colored stochastic I ice (even-numbered
rows) and colored stochastic A ice (odd-numbered rows)

@ The ith row of colored stochastic I' and A ice: connected by a “cap”
on the right, both with spectral parameter z;
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The colored model: rectangular lattice

column 4 3 2 1

I 22
4

A )
3 2

r z1
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The colored model: boundary data

Boundary set-up depends on the following
@ A partition (A1, A2, -+, A\p) with Ay > Ao > -+ >\,

@ Two signed permutations 0,7 € B,

Boundary set-up:
o Top: “4" spin

e Bottom: the column labeled A\;j + n+ 1 — i is assigned the color 7(i),
and the rest columns are assigned the “+" spin

o Left: the ith row of colored stochastic I ice is assigned the color o (i),
and every row of colored stochastic A ice is assigned the “+" spin

The partition function is denoted by Z(Sp 1 2 0,r,7)-
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The colored model: boundary data
Model configuration when n =2, A = (2,1),L = 4:

R<B<B<R

Z
4 R— 2>
Z
3 42 2
z
2BF 1
A 21>
row 1 +
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Boltzmann weights for colored stochastic I ice

e a<f

@ The weights are stochastic (moving rightward)

a1/a2

al/ag

by

ba

C1

C2

@@

@

?

@@

®

@g@

?

@-2-®

©

?

@@

®

@@

1

1

Zi

qzi

1— gz

1—2,'
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Boltzmann weights for colored stochastic A ice

e a<f

@ The weights are stochastic (moving leftward)
0o z=q+1- le

al/a2

al/ag

by

d

?

@-2-@

@

?

®-2-®

®

ol

@z@ s

@-2-@

-®&

@-2-@

@

1

1

Q[+
BAS

1-2

Q=
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Boltzmann weights for the caps

e ac{l,2,-- -, n}

@ The weights are stochastic (moving downward)

Cap
Boltzmann weight 1 1 1
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Alternative model

There is an alternative integrable colored model (which satisfies the
Yang-Baxter equations and the reflection equation—to be introduced later)

where only positive colors {1,--- ,n} are involved. See the paper? for
details.

For that model, the Boltzmann weights for the caps are given by

(e e{l,---,n})

Cap
Boltzmann weight 1 1

3Chenyang Zhong. “Stochastic symplectic ice”. In: arXiv preprint arXiv:2102.00660
(2021).
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Colored path interpretation

@ Admissible states of the model can be equivalently interpreted as
collection of colored paths

@ The paths move rightward /downward on colored stochastic I ice, and
move leftward/downward on colored stochastic A ice

@ When a path meets the cap, it bends to the left with its color
changed to the opposite
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Colored path interpretation

R<B<B<R

column 4 3 2 1

4 R
+ R+ |+
A+ |+ |+ |2 +)
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Colored stochastic dynamics

Similar to the uncolored case, when the condition
ax{0 1}< < '{11} for every i € {1,2 }
max{0, ——} < z; < min{—, 1}, for every i , 2,50, n
g+1 ' q Y
is satisfied, all weights involved are non-negative.

The model can be probabilistically interpreted as stochastic dynamics with
colors
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Colored stochastic dynamics

R<B<B<R

column 4 3 2 1
+ + + +

Z

4 R— 2}
Z
342 2
I Z1

2 B
A 21>
row 1 +

Chenyang Zhong (Stanford University) Stochastic symplectic ice: a stochastic vertex



Colored stochastic dynamics

R<B<B<R

column 4 3 2 1

4 R
+ ),
V4
342 2
2 B
A 21>
row 1 +
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Colored stochastic dynamics

R<B<B<R

column 4 3 2 1

4 R
N }
3+

2 B
A 21>
row 1 +
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Colored stochastic dynamics

R<B<B<R

column 4 3 2 1

4 R
AT RO +22>
3+

2 B
A 21>
row 1 +
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Colored stochastic dynamics

R<B<B<R

column 4 3 2 1

4 R
AT RO +22+>

3+

2 B
A 21>
row 1 +
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Colored stochastic dynamics

R<B<B<R

column 4 3 2 1

4 R
+R++>

Z
34 B + |+ | 2+

2 B
A 21>
row 1 +
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Colored stochastic dynamics

R<B<B<R

column 4 3 2 1

4 R
+R++>

Z
34 B+ 1+ 1+ 24

2 B
A 21>
row 1 +
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Colored stochastic dynamics

R<B<B<R

column 4 3 2 1

4 R
+R++>

Z
34 B+ 1+ 1+ 24

2 B
A 21>
row 1 +
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Colored stochastic dynamics

R<B<B<R

column 4 3 2 1

4 R

3+

2 B

A+ 21>
row 1 +
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Colored stochastic dynamics

R<B<B<R

column 4 3 2 1

Z
A R—M LR 1+ + ]2+
+ R+ |+ >
A z
3 4 + |+ |+ ]2+
+ R+ |+
r z
> B B | B 1
N a )
row 1 +
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Colored stochastic dynamics

R<B<B<R

column 4 3 2 1

4 R

3+

2 B

A—i— R + 21>
row 1 +
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Colored stochastic dynamics

R<B<B<R

column 4 3 2 1

4 R

3+

2 B

A + R + +21 >
row 1 +
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Colored stochastic dynamics

R<B<B<R

column 4 3 2 1

4 R
+R++>
Z
34 B+ 1+ 1+ 24

2 B
+ R + +>
row1+A le
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Colored stochastic dynamics

R<B<B<R

column 4 3 2 1

4 R

3+

2 B

+ R +_ |+ >
row1+A B le
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Colored stochastic dynamics

R<B<B<R

column 4 3 2 1

4 R

3+

2 B

+ R +_ |+ >
row1+A + B le

Chenyang Zhong (Stanford University) Stochastic symplectic ice: a stochastic vertex February 24, 2021 106 /145



Colored stochastic dynamics

R<B<B<R

column 4 3 2 1

4 R

3+

2 B

+ R +_ |+ >
row1+A R + B le
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Colored stochastic dynamics

R<B<B<R

column 4 3 2 1

4 R

3+

2 B

+ R +_ |+ >
row1+A R + B le
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Interacting particle system

et=0,1---,2n

@ View edges carrying a color between the (2n — t)th row and the
(2n — t 4 1)th row as particles at time t

@ Each particle carries a color

@ Particles enter from the left

@ Particles jump to the right on each row of colored stochastic I ice,
and jump to the left on each row of colored stochastic A ice

@ When a particle hits the right boundary, it is reflected, with its color

changed to the opposite
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Interacting particle system

R<B<B<R
boundary
4 3 2 1 positong 3 2 1 0

IR S A U DU AP
sRtIRIRF[24 0 e

PO L e/ N

YT =B - BNV N A A

el g i s

- e \___4___J.___L_____4 :
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Interacting particle system

R<B<B<R
boundary
4 3 2 1 positong 3 2 1 0

IR S A U DU AP
sR—TLRIR[+[Z+ " e

o B P )

YT =B - BNV N A A

el g i s

- e \___4___J.___L_____4 :
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Interacting particle system

R<B<B<R
boundary
4 3 2 1 wpostiong 3 2 1 0
+ o+ 4+ o -
4R'T'"R'"k"'_]_'"2'2'_|2 """ it St st L ' time
o 2R !
o B P )
pp LB LB (B [=p
el g i s
- e \___4___J.___L_____4 :
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Interacting particle system

R<B<B<R
boundary
4 3 2 1 wpostiong 3 2 1 0
+ + + + i i i ; L
4R'T'"R'"k"'_]_'"2'2'_|2 """ et el ' time
R ;
o B P )
P IS A
el g i s
e \___4___J.___L_____4 :
R + B + 3
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Interacting particle system

R<B<B<R
boundary
4 3 2 1 positong 3 2 1 0

B SR SN U B PR
sR—TLRIR[+[Z+ " e
SN S o s R
PRRER A BN A I
1+"A"F"R:i_"—{‘é'_I‘Zi'R'}’""".'""""'_.'3 i
e \___4___J.___L_____4 :
R + B + 3
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Interacting particle system

R<B<B<R
boundary
4 3 2 1 positong 3 2 1 0

B SR SN U B PR
sR—TLRIR[+[Z+ " e
SN S o s R
PN A ST G R A
1+"A'+"R:i_"+é'+zi'R'>’" :.'"i i "3 i
e \___4___J.___L_____4 :
R + B + 3
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Interacting particle system

R<B<B<R
boundary
4 3 2 1 wpostiong 3 2 1 0
T S A U DU AP
sR—TLRIR[+[Z+ " e
o B P )
P - EI TN A
1+__A_-F__R:i__'—{_é__I_Zi_R_}’______.'___"_____._3 i
NN EUUR RN RN i@ - lg
R + B + ¢ ¢ v
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The Yang-Baxter equations

@ Colored stochastic ' and A ice satisfy three sets of Yang-Baxter
equations

@ The corresponding R-matrices are called colored stochastic ' — T,
A—-T,A—-Alice

@ R-matrix depends on two spectral parameters z; and z;
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The Yang-Baxter equations

o (X,Y)=(IN),(AT), (A A)
@ S: colored stochastic X ice with spectral parameter z;
@ T: colored stochastic Y ice with spectral parameter z;

@ R: colored stochastic X — Y ice with spectral parameters z;, z;

© ©

S T
b A1 G0 A
@ ©
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Boltzmann weights for R-matrices

Colored stochastic I' — I ice with spectral parameters z; and z; (o < 3)

e, ©

& @

& ®

&, @

& @

e, @

ZI)ZJ z, Zj z,,z, Z, Zj z, Zj ZI)ZJ
1 1 zi—2zj q(zi—z) (1-gz))(1-z) (1-z)(1—-qz)

1-(q+1)z+qziz;

1—(g+1)z+9ziz

1-(q+1)z+qzz;

1-(9+1)z+qziz

Colored stochastic A — I ice with spectral parameters z; and z; (o < 3)

&, @

z, \Zj

CACICAC

@, ©

Rz .z

@, ©

z, z;

oo

z, z;

@, ©

z, Zi

@ @

®, B

z, z;

1

z/+qz—(q+1)z/7;

2z (it ez,

(1=7)(-9z)

(= '2)(1-2)

7.
1-2/z

7.
1-2/z

7.
1-2z

7.
1-2{z
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Boltzmann weights for R-matrices

Colored stochastic A — A ice with spectral parameters z; and z; (a < f3)

&, ®

Rz, W

& @

Rz z

@ @

& @

ZuZJ

& @

Rz z

& @

Rz z

&, @

Rz, W

1

— 7
zj—7]

)

=22

(1-z))(9—7))

q—(q+1)z]+2/Z]

R A

(@077

(@1 D277
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Reflection equation

@ As we don't have colored stochastic I — A ice, we don't have the
caduceus relation

@ S, T: colored stochastic ' — ', A —T ice, spectral parameters z;, z;

e S’ T': colored stochastic A — A, A —T ice, spectral parameters zj, z;
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Ground state partition function

When o and 7 satisfy the condition that o (/)

= 7(i) for every
i=1,--

, n, there is a unique admissible state.

The partition function can be written explicitly.

n
>\ 1 /
Z(Snirorz) H H( = ’H(l—q a(i)<0Zl)
i=1
X q (L ”+'+/\)1a(r)>o+21<:<j<n( FGi<o() TLo)<a)
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Ground state partition function

R<B<B<R

column 4 3 2 1

4 R
AT [ s +22R>
3+ + |+ | R
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Recursive relation |

Theorem (Z.,2021)

Assume that 1 < i< n—1ando(i+1) > o(i), and let s; = (i,i + 1).
Then the partition function of the colored model satisfies the following
recursive relation:

qla(i+1)>0_la(i)>oZ(Sn,L,A,as,-,T,z) = _A(q’ Z, i)Z(S"hLv}\:U:T’z)
+B(q, z, /.)Z(Sn7L7/\,U,T,S;Z)7
where 1 1
A(qaza l): ( _ZI+1)( _qZI)7
Zi+1 — Zj
1 _ 1 . ..
B(q,2,i) = L9 i ¥ gzizis,
Ziyl — Zj
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Recursive relation Il

Theorem (Z.,2021)

Assume that o(n) > 0. Let s, be the element of B, that changes the sign

of the element at the nth position, and s,z = (z1,- - ,Zn—1, %) Then we
have
Iz(s = ¢ ~L7(S
(Z ) ( n7L7>\$USn>T,Z) - (q7 z)zn ( n,L,A,O’,T,Z)
n
- D(q7 Z)ZI/'ILZ(SnyLzA7O'77-75nZ)’
where

C(q,2z) = (q(;(lz’i)(z?z/_) 1)

9

D( Z) — qZn + Z,,, - (q + 1)anr,;
@ o1 z2)
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Connection to Demazure-Lusztig operators of type C

o u={(u1, -+ ,up), f(u) any rational function of u
o siu=(u1, - ,Ujiy1, Uy ,Up), 1 <i<n-—1

@ spu=(ug, - ,Up_1, ul,,)

o sif(u) = f(sju)

Demazure-Lusztig operators of type C:

1—v vuti —1
u% —1 * u% —1 si(f),

Li,(f) =

where aj = € — €41 for L < i< n—1and a, = 2¢,. Also let

A

,C,',V = [,,'7\, —v+1
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Connection to Demazure-Lusztig operators of type C

o Let u; = 11__qzz_’
o Let

n
5 —L_(n—)1, L)1,
Z(Sniroru) = z(gn’L’A’w,z)H z; q("=Ne>0H(L+1)1s() <0
i=1
as a function of u
The recursive relations translate into
@ For1<i<n-—1,ifo(i+1) > o(i), then

Z(Sn,L,)\,as,-,T,u) = ﬁi,q(Z(SNmL)\,U,T,U))‘

e If o(n) > 0, then

Z(SNn,L,)\,asn,T,u) = _En,q(Z(SNn,L,)\,a,T,u))-
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Derivation of recursive relation |

Attach two R-vertices to the left.

Assume that o(i +1) = R and o(i) = B. Note that B < R.

@ S’: colored stochastic A — A ice, spectral parameters z;, zj11

@ T': colored stochastic A — T ice, spectral parameters z;, zj11

-- -
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Derivation of recursive relation |

Attach two R-vertices to the left.
Assume that o(i + 1) = R and o(i) = B. Note that B < R.
@ S’: colored stochastic A — A ice, spectral parameters z;, zj 11

@ T': colored stochastic A — T ice, spectral parameters z;, zj11

B R r "_45
A Zj
+ -
"+
r Zi+1
/T B -
" A ___*Zi+1
+
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Derivation of recursive relation |

Push the two R-vertices to the right using the Yang-Baxter equations

R+ oz
B [ ME
AZi+1
_l’_ Py -
A Z
_l’_ & -
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Use the reflection equation to change to the following

R+ oz
B [ ME
AZi+1
_l’_ Py -
A Z
_l’_ & -
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Push the two R-vertices back to the left using the Yang-Baxter equations

@ S: colored stochastic ' — T ice, spectral parameters zj;1, z;

@ T: colored stochastic A — I ice, spectral parameters zj;1, z;

-- -

- - -
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The partition function is the sum of two terms
The first term is

Zji+1

Zji+1

Zj

Zj
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The partition function is the sum of two terms
The second term is

Zji+1

R ---
Zji+1

-- -
zj

B -
Zj

+ -

Chenyang Zhong (Stanford University) Stochastic symplectic ice: a stochastic vertex February 24, 2021 135/ 145



Derivation of recursive relation |l

Assume that o(n) = R, which is the only possible color in the top row.
Top boundary edges only carry the “+" spin. Therefore

@ Only the following three states may appear in the top row

Y19 |19

D-2-® | ®--®|®-2-®
© | © | ®

1 qzn 1—qz,

@ Only the following two states may appear for the top cap

I
Cap + R

Boltzmann weight 1 1

Chenyang Zhong (Stanford University)

Stochastic symplectic ice: a stochastic vertex:

February 24, 2021 136 /145
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We make the following changes
@ Interchange + and R in the top row

@ Change the Boltzmann weights of the top row to the following (which
is colored stochastic A ice with spectral parameter Z—l,) where a < 3:

ai/ap ai/ap by ba di do

@ ® ® @

@@ | BB ||+ |+ |0

@ ® ® @ @ ®
T
Zp

1 1 L 1- L 1- L

qzn Zn 9zn

@ Change the Boltzmann weights of the top cap to the following

New cap
Boltzmann weight 1 -1
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The partition function of the new system is (-1-)! times the original
partition function.

qzn
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Attach an R-vertex (colored stochastic A — A ice) with spectral
parameters %, 7, to the left of the top two rows of the new system

1
Az

o<
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Attach an R-vertex (colored stochastic A — A ice) with spectral
parameters %, 7, to the left of the top two rows of the new system

1
+ + RN
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We push the R-vertex to the right using the Yang-Baxter equation

i o A Zp
* R AL
z
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By +
~
@}

+ =l
~
a

Introduce an auxiliary cap
Auxiliary cap
Boltzmann weight -1 1

A variant of the fish relation

“ _ (qzn - 1) /
><>‘ B qzn+z’—(q+1 >’
€2

q(znz, — 1)
+ C
qzn+ 2z, —(qg+1) >
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Hence it suffices to compute

4 L A Zp

* R VNS

z

I L A zZp
C

- RNt

Z/
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For the first one, interchanging R and + in the top row and changlng

Boltzmann weights accordingly, it can be shown that it is equal to (% . )L
times

1
. lr=
* R VN

z

Chenyang Zhong (Stanford University)

Stochastic symplectic ice: a stochastic vertex

February 24, 2021 144 /145



Derivation of recursive relation |l

For the second one, interchanging R and + in the top row and changing

Boltzmann weights accordingly, it can be shown that it is equal to —(z/,)*
times

—
:N~| =

=

:N\l =
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