








































































































LATTICE MODELS AROSE INSTATISTICAL MECHANICS
AS DISCRETE STEMS THAT EXHIBIT irreretirG

BEHAVIOR SUCH AS PHASE Transitions AND

SCALING PHENOMENA

SOLVABLE MODELS ARE USUALLY 2 DIMENSIONAL

Historically THE FIRST TO Be Solves WAS

THE 2 DIMENSIONAL ISING MODEL ONSAGER 1944

BUT WE WILL START WITH BAXTER'S ANALYSIS Of

the FIELD FREE Six Vertex MODEL

ALTHOUGH THE First APPICATIONS OF LATTICE MODELS

WERE To STATISICAL MECHANICSTHEY ARE CLOSELY

RELATED TO HEISENBERG SPINCHAINS IN RM THROUGH

quantum Groups THEY ARE CONNECTED TO KNOT THEORY

AND POTENTIALLY To LOGICAL QUANTUM COMPUTING

BELAV.ir POLYAKOV AND2AMOL CHIKOV SHOWED stray

SCALING Properties of solvable MODELS AT A CRITICAL
Poker ARE PREDICTED BYCONFORMAL FIELD THEORY
RECENTLY THEY HAVE APPEARED IN NEW AREAS

INTEGRABLE PROBABILITY NONSYMMETRIC MACDONALD

POKNAMIALS AND REPRESENTATIONS Of P Asic GROUPS

Lattice Models













































































































THE SIX VERTEX MODEL ON.GINATED IN

LINUS PAULING'S 1939 PAPER on ICE SO

THESE ARE ALSO CALLED ice TYPE MODELS

THE CORRESPONDING HEISENBERG Spin Choir

is THE KAY HAMILTONIAN ANALYSIS BY
f A Cev AND HIS STUDENTS Particularly
MULISH SKLYANIN AND RESHENKHIN LED

to THE INVENTION Of QUANTUM GR RS BY
DRINFELD AND INDEPENDENTLY JIMBO

THE FIELD FREE SIX VERTEX MODEL WAS

proved SOLVABLE BY LIEB AND ScottERLAND

BAXTER introduced THE YANG BAXTER Equator
WHICH IS NOW UNDERSTOOD IN TERMS

OF QUANTUM GROUPS

The Six Vertex Model










































































































Start WITH a RECTANGULAR GRID

THE GRID CAN BE INFINITE on FINN

WRAPPED ON A TORUS OR FINITE

WITH FIXED BOUNDARY DATA To BE EXPLAINED

A STATE of THE system ASSIGNS A SPIN

1 or 90 EACH EDGE

IF THERE ARE BOUNDARY EDGES THE

SPINS OF THE BOUNDARY EDGES Are

FIXED THESE are the BOUNDARY CONDITIONS

t t t

t

t

t

t t t t t t




















































A STATE OF THE SYSTEM ASSIGNS SPINS

To all EDGES

AT A VERTEX ONLY SIX CONFIGURATIONS

Are ALLOWED

We choose six VALUES Ar Ar bi bi G G
For these STATES WHICH IN STATISTICAL
MECHANICS MEASURE THE ENERGY of THE
CONFIGURATION THESE ARE CALLED BOLTZMANN WEIGHTS










































































































THE WEIGHT pfs of a STATE 2

IS THE pranucg OF THE BOLTZMANN

WEIGHTS of THE VERTICES THE

PARTITION FUNCTION of THE Sixten S is

2151 5 Pal
States r

IS THE Sum of THE WEIGHTS OF All STATES

IN STATISTICAL MECHANICS THE PROBABILITY

OF A STATE 2 IS

pcs
2 G

THUS WE HAVE A PROBABILITY DISTRIBUTION

AND COULD ASK FOR EXAMPLE WHETHERTHE

Spins at remote PARTS of THE GRID ARE

Stearck CORRELATED THE system is

THUS CAPABLE OF PHASE TRANSITIONS DEEPER

THE PARTITION FUNCTION controls THE THERMODYNAMIC

PROPERTIES OF THE SYSTEM












































































































SOME TYPES OF SIX VERTEX MODEL

FIELD FREE i Ali Az b Gz C Cz

SOLVED By LIEB SUTHERLAND AND BAXTER

A KEY EXAMPLE IN QUANTUM GROUP THEORY

Uglier Ecgroiliate i r
Zaf

QUANTUM AFFINE Sdi

GREE FERMIONIC i chart f be CCa

CONTAINS THE ABOVE Ug a WITH of FI
BUT IT ALSO CONTAINS EXAMPLES RELATED

to UgCottrell supersymmetric
mmmm

STOCHASTIC i 04 9 1 b tail bztc.ir

THESE SIX VERTEX MODELS Give rise

to MARKOV CHAINS










































































































BOSONIC AND FERMIONIC MODELS

A TYPE OF MODEL CLOSELY RELATED TO

THE 6 VERTEX MODEL Allows v SPINS

to occur WITH MULTIPLICITY 21

ON VERTICAL EDGES Titus if n n o

DENOTES A STATE WHERE An EDGE

CARRIES n spin we Have THE

Followina POSSIBLE BOLTZMANN WEIGHTS
I
n n n nti

t f t t t t

t n y n ti n

THESE SYSTEMS ARE CALLED Bosonic
IN THE USUAL 6 VERTEX MODEL WE

ONLY Allow n 4 AND SUCH A

SYSTEM MAY BE CALLED FERMIONIC

































































































Oh Aria b i bei b C Cz C

Aia're c
zab Ecg 1g

A Good WAY TO STUDY THE PARTITION

For.CI ON INVOLVES Row TRANSFER MATRICES

CONSIDER A Sequence Of VERICAL EDGES

AS A VECTOR SPACE V ASSIGNING SPINS

PICKS OUT A VECTOR

iii ii it
5 4 3 2 I 0

Vy NV NV c Y

Field-Free Six Vertex Model










































































































Now a SINGLE row of ICE GIVES

i

y t

l l l l Il
t i i f t

5 4 3 2 I 0

summing over States ASSIGNMENTS

TO HORIZONTAL EDGES HERE GIVES

A VALUE THE COEFFICIENT OF

Vegan in Tlv n Van Vil
THE MATRIX T IS THE

ROW TRANSFER MATRIX

Barton W
TOP Row

I t

Hss ae iuihlTlunv.n
Row
seven Teens V











































































































IN AN n row SYSTEM if

T Tn ARE THE ROW TRANSFER

MATRICES AND If M c V ENCODE

THE Top AND BOTTOM BOUNDARY CONDITIONS

2 S fml Tn t.IS
T f m

Baxter saw

r WE SHOULD STUDY THE PARTITION FUNCTION

BY DIAGONALIZING THE ROW TRANSFER MATRICES

2 THIS IS BEST DONE BY EMBEDDINGTHE MARK

IN A LARGE COMMUTING FAMILY

3 THERE EXISTS A POWERFUL TOOL FOR proving

COMMUTATIVITY of Raw Transfer MATRICES

THE STAR TRIANGLE RELATION or

YANG BAXTER EQUATION

Baxter's Insight












































































































Devore

Alger 4
a'te e
Zab

LET US MAKE A Raw of N VERTICES USING

THE BOLTZMANN WEIGHTS a b c for

simpucirr USE TOROIDAL BOUNDARY conditions
1 E IDENTIFY THE LEFT AND RIGHT BOUNDARY

EDGES

f f f f fu
use a a c
BOLTZMANN WEIGHT

isenney U AT Vertex v

LET TN a b c BE THE CORRESPONDING

ROW TRANSFER MATRIX

THEOREM BAXTER suppose

Ala b 4 Ala bic't
Aro T Nii bi c

COMMUTETHE
Tripe

The Yang-Baxter Equation










































































































To prove THE commutativity of THE Raw TRANSFER

MATRICES LET U U BE VERTICES WITH

BOLTZMANN WEIGHTS A Q C AND ar b c

RESPECTIVELY ASSUMING THAT Ala b c Ali b C
Baxter proves THE Existence of a b c such

THAT If V is the VERTEX WITH BOLTZMANN

WEIGHS a b C THEN For ANY sis sews

i Er Ez Et Es Eg THE following two

miniature SYSTEMS ARE CRUNALENT

E E

err
G

U
e v's e es

v
Eg
rr 6

THE vertex U is called THE R MATRIX

We assumed Ala b c Aca bi c l
This Also EQUALS Aca b o l










































































































E E

err
E

U
e v's e es

v
Eg

6

THE SIX BOUNDARYEDGE SPINS ARE FIXED THE
THREE INTERIOR SPINS ARE SUNNED

THE RMANX IS ROTATED SO TO DISTINGUISH

Two POSSIBLE ORIENTATIONS WE DRAW IT THUS

nor µ
SIMILARLY WE SPECIFY THE ONENTATION A V V

l

I





















































































WITH those CONVENTIONS HERE ARE THE

LABELLINGS OF THE BOLTZMANN WEIGHTS

a or a b or f conc

na.info
AND THE YANG BAXTER EQUATION i

i i

6










































































































THE R MATRIX V IS INVERTIBLE MEANING
THERE IS ANOTHER SET OF BOLTZMANN
WEIGHTS To Be DENOTE V l SUCH THAT

it

Ez Et E
y t v E

E µ a Ey
54



























































































idiots 8 s s

o

ii ii i
E E r ly Ey

e

i iii

Iv Iv Iv In
u

v Iv E
l I i

Commutativity of Row Transfer

Matrices










































































































iiiiiiii
8 Sr s 84
I I I I

p f f f
v v v v

I l l l
Es Ez 4

felt Ils
PROVING THE Raw TRANSFER

MATRICES COMMUTE

For Non Toroidal BOUNDARY CONDITIONS

i i










































































































A SIMILAR IDEA WORKS But

produces

Tutu MITU

WHERE f't is A constant

INDEED DROPPING THE FIELD Free

cans rien ai Ai the

constant is Aila

SUCH DOMAIN WALL BOUNDARY CONDITIONS

were first CONSIDERED BY KOREAN AND

IZERGIN THEY ARE USED THROUGHOUT

THE REST OF THE TALK

Domain Wall Boundary Conditions



















 























































































Solutions to THE YANG BAXTER ENATION
SUCH AS BAXTER'S EXAMPLE ABOVE AND

HIS DEEPER Sattler To THE FIELD FREE
8 Vertex morsel Come FROM QUANTUM GROUPS

DRINFELD JIMBO QUANTUM Groups are

Hopf ALGEBRAS THAT CAN BE UNDERSTOOD

AS DEFORMATIONS of lil Groups on

THEIR ENVELOPNG ALGEBRA If V W ARE

MODULES OF A Quantum Group H THERE IS

AN ISOMORPHISM OF MODULES

TRI VOW w V

re H H TH yl y X

THEN TR IS THE R MATRIX IT Gives

A BRAIDING IN THE MODULE CATEGORY
WE VISUALIZE IT THUS r

v w Ven
X t

w V w V

Quantum Groups










































































































NOW IF U V W ARE MODULES WE

HAVE AN ISOMORPHISM

UAV w W VAV

U V W U VOW

X I fer Iv
v v W

v V W
I k f Ivan
v w v VOW b

I t TRAI
w V V WAV U

or more simple A SECOND ISOMORPHISM

V V W b v w

QX c Y
w V V W V U

THESE ISOMORPHISMS Are ERVAL TBT










































































































ANY 3 NODULES OF A RG Gives

A Solution To YBE

IF A
a'te c

cab Icq 1g
THE RG Ug Ela Gives rise to

Baxter's solution

SI i AFFINE Slu

Ug Il QUANTIZED ENVELOPING ALGEBRA

a E be 2 alopece a
new

central Extension

For event sea name V Il
HAS A FAMILY Vz zero af

Marbles TAKING E fstansars Marduk

GIVES BAXTER's solutions
PARAMETRIZED KBE











































































































A Ar t b b C.cz

THERE IS A PARAMETRIZED YBE

WITH NON ABELIAN PARAMETER Group

Gla E Glee E

Korepini REDISCOVERED BY BRUBAKER BUMP
fries BERG

THIS NONABELIAN PARAMETRIZED KBE

Contains Baxter's Ugliest q Fi
it Also contains vgcojlCIH.tl
For ANY of

gl mln Lie super ALGEBRA

ojl.fmul AFfinIZATloN

Free-Fermionic YBE











































































































LET 71 2r Be spectral PARAMETERS

A A PARTITION

sift silty 2M

THE Schur function character of Glrfc

We Describe A SYSTEM TOMUYAMA

Hamel KING BRUBAKER BUMP FRIEDBERG

WHOSE PARTITION FUNCTION IS

E ri vtia.nl sirzl

IT i vz Issel
areAt
A
Glr Roos

TOKUYAMA DID Not

sxsren.IT eiinIeni'ftp.t

Tokuyama Ice










































































































i ti v Zi Zin v l

w ti th now use THESE BOLTZMANN

WEIGHTS Free Fermionic Ugloylfelt

THE PARTITION I IS ENCODED IN

BOUNDARY CONDITIONS

5 4 3 2 I 0

I 323,0 dtp 5,4 al
p 2 1,01 WEYL VECTOR










































































































let f BE A Local feels like QP or IR

Representations of Glfr F ARE Usually

infinite DIMENSIONAL IF rt VI is A KR
Rep N THEN THERE EXISTS At Mast ONE

LINEAR FUNCTIONAL wi E SUCH THAT

Wfrtf
O

Iv ii lintel
bijw

XIX tr t tt Iwm
21 32 t.ru

T
ADDITIVE CHARACTER

OF F

r ve V wig wftcgirl is
A WHITTAKER FUNCTION

For GLC IR THESE ARE Confluent

HerporofoMETRIC functions E T WHITTAKER

Whittaker Functions 

















































LET f Be NONARCHIMEDEAN THERE
IS A FAMILY Mf't of principal SERIES
REPS ICH OF Cllr f PARAMETRIZED BY
SATAKE LANGLANDS PARAMETERS

2 ft the Y

LET Il GLfr O Be the Maxi compact
P SUBGROUP

INTEGERS
IN f

ICH HAS A UNIQUE K FIXED VELMA

AND THE CORRESPONDING WHITTAKER function

SATISFIES

w Tri ore Isreal
c ft

WHICHWE REIGNITE
b u Prime ELEMENT from TokuYAMA MODEL

Casselman-Shalika



To MAKE A DEEPER CONNECTION WITH

THE REPRESENTATION THEORY IT IS NECESSARY

TO REALIZE DEEPER LEVEL IWAHORI WHITTAKER

FUNCTIONS FIXED BY THE SMALLER IWAITORI

Su Group There ARE WI V INDEPENDENT

WAHORI WHITTAKER Functions related By

THE ACTION OF THE AFFINE HECKE ALGEBRA

THROUGH DENATURE WHITTAKER OPERATORS

A KEY IDEA BEHIND THESE MODELS WWAS

SEEN IN BOSONIC MODELS Of BORODIN WHEELER

20188 THIS IS THE USE OF COLORED MODELS

BORODIN WHEELER BRUBAKER Pump
2018 BUGVMAS GUSTAFSON

20191
BOSONIC FERMIONIC

Ugcher Ugcojerries

Colored Models



IN THE COLORED MODELS THE HORIZONTAL

CDoes CORRESPOND to Vtt Dimensional

STANDARD MODULES OF Vg Ferrill
EACH EDGE CARRIES ONE OF THE

FOLLOWING SPINS

l i gt
un

r colors

VERTICAL EDGES MAY CARRY More

THAN ONE color BUT FERMIONIC

EACH color WITH MULTIPLICITY It

WE MAY DRAW LINED LINES CONNECTING

rite BOUNDARIES

E o

Paraltoric



THE Walton SUBGROUP J IS SMALLER THAN

THE MAXIMAL COMPACT It iGL r O so

IT HAS More FIXED vector

J i Kek h Lower Triangular
mad if cool

Space of Iwatani WHITTAKER functions

SATISFY DEMAZURE WHITTAKER RECURSIONS

Correspond

To
KBE

T v 1 Iii v vi reserve
www

FIELD
CARDINALITY

siwCgI Titurgl sias w

f Titurgl niwear

Iwahori Whittaker Functions



THEOREM CHOOSING g From A

SET OF COSET REPS For Nff G4r F j
AND fw From A BASIS of IWAHori
WHITTAKER FUNCTIONS THERE ARE COLORED

SYSTEMS WHOSE PARTITION Functions

SATISFY

ZLSg.co fswlg1

we were

DeMature recursions can Be PROVED
USING A YANO BAXTER EQUATION

Some of THE BOLTZMANN WEIGHTS

THase For WHICH NO EDGE CARRIES 2 colors



VERTICALEDGES CAN CARRY 2 OR MORE

COLORS HERE ARE SOME MORE BOLTZMANNWEIGHS

HERE ARE TWO SAMPLE STATES

THESE DATA ENCODE g
i

t
Eas i fusing IEEEI

w
t

t



LATTICE MODELS RELATED TO

Uqfojllrl.nl WERE FOUND INDEPENDENTLY

By BRUBAKER BUMP BUOOMAS AND GUSTAFSSON

AND BY AGGARWAL BORODIN ANDWHEELER

BOTH PAPERS APPEARED VERY RECENTLY

IN ArXiv

arXiv 2012.15798 BBBG

arXiv 2101.016ns ABW manic

WE WILLREPORT ON THE BBBG PAPER

THIS CONCERNS IWAHON WHITTAKER

FUNCTIONS ON CENTRAL EXTENSIONS i

9 untainted artel I

F IS A NONARCHIMEDEAN LOCAL FIELD CONTAINING

2W DISTINCT 2W TH ROOTS Of UNITY

Supersymmetric Models



IN THIS SITUATION WE REQUIRE
Dis river colors AND n DISTINCT

Super colors scalars

HORIZONTAL EDGES MUST CARRY EXACTLY

one color on one scorer Never BATH

A VERTICAL EDGE CAN CARRY ONE
or more or less I Calor scalar PAIR

Calor scalar pairs

l

in a

COLORED ONES MOVE DOWN AND TO THE RIGHT

Scanner UNES Move DOWN AND To THE LEFT



PRINCIPAL SERIES REPRESENTATIONS AF

GTI F HAVE Iwl r IWAHori FIXED

Vectors AND W WHITTAKER FUNCTIONALS

WE ENCODE THESE DATA IN THE BOUNDARY

CONDITIONS
DATA casino g

Calor scalar pairs

inc

4 t.no
WHITTAKER u

vs B IWAitonFUNCTIONAL
VECTOR

t t t t 4

NOW THERE ARE STILL REPRESENTATIONS OF THE

AFFINE HECKE ALGEBRA BY vector DEMAZURE WHITTAKER

OPERATORS BUT THESE Are now COMPLEX

THIS INTRICATE SETUP IS EXACTLY MIRRORED

IN THE LATTICE MODELS


